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1 Functions, Paths, and Derivatives in R"

In this section we will look at two generalizations of a function of one variable f(z). One general-
ization allows for multiple inputs— a function of multiple variables f(xi,xo, ..., x,). Another gener-
alization allows for multiple outputs— a function with multiple components (x1(t), z2(t), ..., z,(t)).
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The symbol R" refers to the set of points (x1, x2, . . ., z,,) in n-dimensional space, also called euclidean
space. In the n = 2 or n = 3 situations we will often just use (x,y) or (x,y, z) to label points. When
denoting an object which is actually a list of multiple components, we will use an arrow above the
variable name to remind us of this fact. So for example if we were to give a single name to the
point (z1,zs,...,%,), a good choice would be to just call it Z.



A function f of multiple variables could be thought of as actually being a function of one variable,
but where that variable is a point in R" rather than simply being one number. Thinking this way, one
would call f a function on R™ and one would write f(Z). This is shorthand for f((z1,za,...,2,)),
but one always drops the extra parentheses and simply writes f(xy, za, ..., x,). Similarly, a function
p(t) with multiple components could be thought of as actually having only one output, but that
output is a point in R™ rather than simply being one number. Thinking this way, one would call
p(t) a path in R™. Note the arrow in the notation p(¢) which reminds us that it is a function whose
output has multiple components.

Let’s look at how to visualize these gadgets, starting with functions. Later we will also look into
how derivatives work for them.

1.1 Functions on R"

Whenever a numerical quantity depends on a bunch of other numerical quantities xy, xs, ..., z,, the
relationship can be expressed by specifying a function f(zy,xs,...,x,) of multiple variables. Some
examples:

e e(x,y) could be the elevation of a terrain above latitude-longitude coordinates z, y.
e T'(x,t) could be the temperature of a metal rod at a distance z along the rod, and at time t.
e V(x,y,z) could be electric potential at a point (z,y, z) in three dimensional space.

e p(z,y,z) could be the mass density of some object in kilograms per cubic meter, also as a
function of three dimensional space.

e T'(x,y,z,t) could be the air temperature in a room where points in the room are described
by (x,y, 2) and where temperature can also vary with time t.

e T'(V, P) could be the temperature of a gas, as a function of its volume and pressure.

e FE(xz,v) could be the energy of a particle traveling in one dimension, based on its position x
and its velocity v.

For some of the examples the inputs of the function do not represent points in physical space. For
example T'(V, P) is a function of volume-pressure pairs (V, P), which are not really points in the
plane, right? Well, we can still think of them like they are— they are points of the “V-P-plane”
and that’s just as good mathematically as the abstract “z-y-plane.” From now on we will think of
f(z1,29,...,2,) as a function on R" (n-dimensional euclidean space), even though the list of inputs
(1,23, ...,x,) might not always represent a point in physical space. And don’t forget that I might
sometimes write f(Z) to save having to list all the variables.

Here are some examples with specified definitions:

o f(z1,29,...,2,) = %(:{;1 + x9 + -+ + x,) is the function that averages n numbers.



e f(x,y) = 22 is the function that squares its first input.
e f(z,y) =z +y is the function that adds its two inputs.

o f(z,y,2) = +/2? + y? + 22 is the function that tells us the distance to the origin of a point in
three dimensional space.

o f(x,y,2) = 2%** +sin’(yz) is some complicated function.

When visualizing a function of one variable like f(z) = x2, we could just graph it and understand

what f is doing from the parabola that we see. How do we visualize a function of multiple variables?

1.1.1 The Graph of a Function

Let’s think about what we’re really doing when we graph a function f(z) of one variable. We draw
two axes, and we call the horizontal one the z-axis. Then, for each point along the x-axis, we plot a
point at a height f(z) above it (or below if f(x) is negative). Really, we are just plotting the point
(x, f(z)) in the two dimensional plane. When we plot those for all possible inputs =, we see the
points trace out some curve, like the parabola in the case of f(z) = x2. The graph of f is essentially
just the set of points of the form (z, f(x)) in the plane. This extends easily to a function of multiple
variables. In fact, let’s make it an official definition:

Definition of Graph

The graph of a function f(xy,29,...,2,) on R" is the set of points
(T1, 22, ., T, f(T1, T2, ..., Ty)) in RO

The first thing to notice is that the graph of a function of n variables is something that lives in
(n + 1)-dimensional space.

As an example, let’s look at the graph of the function
fla,y) =a® +y°.

It’s a function of 2 variables, so its graph lives in 3-dimensional space. To plot it, imagine that the
x-y-plane is the space of inputs to the function, and then plot a point at a height z = f(z,y) above
each point in the z-y-plane. The points trace out a surface:



It looks kind of like a parabola, but with some kind of circular symmetry. This makes sense,
considering that the expression 2% + 3 is the square of the distance of (z,y) from the origin.

_ 1 _ 1
Here’s the graph of f(x,y) = —e @-27+w-27+3 — ¢ (@+2)2+@+2)7+5;

That picture would be hard to produce without using a computer to make plots. (I'm making these
plots in Mathematica, which is freely available to you as a UCSB student.) Whenever I'm thinking
of a function of two variables, I imagine some sort of hilly terrain like this, and the function is just
reporting elevation above various points in the input plane.

What about the graph of a function f(z,y, z) of three variables? Well that would live in R?*, so we
have no hope of drawing that. If you tried to graph something like f(z,y, z) then you would need
three axes for the input space, x, y, and z, and then you would need a fourth direction in which
to plot the functional value “above” each (x,y, z). But no such spatial direction is available to our
imagination. Regardless of how difficult it is to visualize, the graph of f still exists and has a simple
mathematical description— it’s just the set of points of the form (z,y, z, f(x,y, 2)).

Still, f(z,y,2) is not such a crazy object to imagine. All f is doing is assigning a number to every
point in a three dimensional input space. You could just imagine a three-dimensional space with a



little number hanging at every point. I like to imagine that where the numbers are big the space
is “hot” and where they are small or negative the space is “cold”. Let’s try this on the function
f(x,y,2) = 22 +y*+ 2. Tt’s coldest at the origin (0,0,0), where f takes the value 0. It gets hotter
and hotter the further you go from the origin. Actually f is just giving the squared distance of a
point from the origin. So if you were to start at the origin and travel in any direct at a constant
speed, then you would feel temperature increase quadratically over time.

1.1.2 Level Sets of a Function

The level sets of a function are sets of inputs that all yield the same output. More precisely,

Definition of Level Set

Assume you have a function f(#) on R™. For any fixed real number k, the set of points &
satisfying f(Z) = k is called a level set of f.

There are many level sets for a given function, one for each choice of k.

Let’s see what the level sets are for the function f(z,y) = 2 + y?, whose graph we looked at in the
previous section. Each level set is the set of solutions to 22 + y? = k for a choice of k. When £ is
chosen to be negative, there are no solutions and the level set we get is just the empty set. When
k is 0, the only solution is x = y = 0, and so our level set contains just one point, (0,0). When £ is
positive, the solutions to 22 4+ y? = k trace out a circle of radius vk centered at the origin. Here’s
a picture of the level sets for k =1,2,3,.. .

fix,y)=4
fxy)=3

f(xy)=2

Since we can visualize the graph of f(x,y) = 2%+ y?, we can actually use that to pick out the level
sets. They are just the cross-sections of the graph at various heights:



Slice the graph of f
at various constant
heights k to get
level sets

>

Here’s what its level sets look like:

!
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T

See how the two pictures relate? You can still pick out hills and valleys from the level sets picture,
even though it’s shown in only two dimensions. If you’ve ever used a topographic map to understand
a terrain— that’s basically what this is.



One advantage of using level sets to visualize functions is that you only need to picture things in
n-dimensional space in order to visualize the level sets of a function of n variables (as opposed to
the graph, for which you need to picture things in (n + 1)-dimensional space). In particular, we can
use level sets to visualize a function of three variables.

Let’s try getting the level sets for f(z,y,z) = 2% + y* + 22. When k is negative, the equation
22 + y? + 2% = k has no solution and so we just get the empty set. When k is 0 we get only the
origin (0,0,0). When k is positive, the equation 2% 4+ 3> + 2> = k describes a sphere of radius vk
centered at the origin. So the level sets of f(x,vy,z) = 2%+ y* + 2% are concentric spheres of various
radii centered at the origin.

1.2 Paths in R"

Suppose that p(t) is a function of one variable with multiple outputs. We can label the outputs by
writing

p(t) = (p1(t), pa(t), -, pall)),
where py, o, ..., p, are ordinary functions (each having one numerical output). Actually, since we
have been referring to points in R™ as “(x1, s, ..., z,)", let’s refer to the component functions using
the names of the coordinates:

ﬁ(t) = (xl(t)7 xQ(t)7 cee an(t))'
For each choice of input ¢, we get a point p(t) in R™. If we think of ¢ as “time” and we let ¢ run over
all possible values, then we can watch the points p(t) trace out some curve in R”. Thus a function
of one variable with n outputs can be thought of as a path in R".

The ordinary functions x;(t), z2(t), ..., z,(t) are called the component functions of p. Sometimes
you will hear people call p(t) a “vector-valued” function— this is okay but I will explain later why I
am avoiding such terminology.

Let’s look at an example. Consider the path
A1) = (cos(t), sint)).

9



This is a path in R?. To visualize this path, we should remind ourselves of the meanings of sin and
cos in terms of the unit circle: Given a point on the unit circle at an angle of 6 from the z-axis
in the counter-clockwise direction, the xz-coordinate of the point is cos(f) and the y-coordinate is
sin(6).

Ah, so (cos(t),sin(t)) simply gives us the point on the unit circle that makes an angle § = ¢ from the
r-axis in the counter-clockwise direction. Thinking of ¢ as time and letting it run over all possible
values, we watch as p(t) traces out all the points on the unit circle.

<

Some things are missing from this picture. If we really let ¢ run over all real numbers, then as ¢
steadily increases the path p(t) will continue to repeat its trek around the unit circle forever. That
information is not contained in the picture. Another thing that’s missing from the picture: When
you increase t, the point p(t) runs around the circle in counter-clockwise direction. We could include
this information in the picture by adding a little arrow:

10
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We call this the orientation of the path p.

There’s yet another bit information missing from the picture. Lets try looking at the path ¢(t) =
(cos(t?),sin(¢?)). All we did was replace ¢ by t*. As ¢ runs over all possible real numbers, so does
t3. And so q(t) = (cos(#3),sin(#3)) still runs around the unit circle:

<

The picture is exactly the same as before! The issue is that we are only plotting the outputs of p’
and ¢, while ignoring which inputs actually map to those outputs. In other words, the picture is
displaying the locations that each path encounters, but it is not showing us when (i.e. for what t)
they encounter each location. We could somewhat remedy this by including some labels showing
us where p(t) is for a few values of ¢:

11



Some terminology to make it easier to talk about this stuff in the future:

Some Terminology

Given a path p(t), the variable t is called the parameter of the path. The set of points that are
outputs of the function p'is called the image of the path. The path pitself is in turn called a
parameterization of that image. If ¢ is replaced by some function of ¢ (like in the example we
just considered where ¢ was replaced by %) such that the image of the path doesn’t change,
then we call the new path a reparameterization of the old one.

Often when reparameterizing a path, we try to avoid confusion by using a new name for the new
parameter. So in the above example, we would define a new parameter s by the relation s® = ¢, and
then we would describe the reparameterization ¢ of p'by saying that ¢(s) = p(s?) = (cos(s?), sin(s?)).

One small warning about reparameterization: It doesn’t always work to just replace ¢ by any old
function of ¢. For example, if we start with our circular path p(t) = (cos(t),sin(t)) and we try to
replace t by sin(t), then the new path (cos(sin(t)), sin(sin(¢))) looks like this:

12
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That’s truly a different image. In this case we wouldn’t call the new path a reparameterization of
the old, for a reparameterization should change only the parameter and not the image of the path.
The issue is that as ¢ runs over all real numbers, the function sin(¢) is only allowed to run over
values between —1 and 1. In order for a reparameterization to be legitimate, each value of the old
parameter must correspond to some unique value of the new parameter.

Let’s look at a couple of other examples. Consider the path

plt) = (cos(t),sin(t), t).

This is a path in R3, which we will think of as x-y-z-space. If one only considers what the x and
y coordinates of the path are doing, then it’s the same as what we just considered: the path runs
around a unit circle in the counter-clockwise direction as ¢ increases. However, the path now also
has a steadily increasing z-coordinate as t-increases. This traces out a helix:

Just for fun, here are two additional parameterizations of the same thing:

13
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Now consider the path

Here’s a picture:

It’s a little hard to to see what’s going on. If you look directly at the z-z plane, then you see the
path given by = t? and z = t, ignoring y:

14
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This picture makes sense— it’s showing us that the points along the path all satisfy + = 2? and
therefore trace out a parabola. What we're looking at, the path (¢2,t), is called the projection of
p(t) to the x-z plane. The projection of p(t) to the y-z plane shows a path given by y = 3 and

z=1:

0.5

L L )
0.5 1.0 15

This also makes sense— it’s showing us that the points along the path all satisfy y = 23 and therefore
trace out a cubic. The projection of p(t) to the z-y plane shows a path given by x = ¢* and y = ¢3:

15
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Now what shape are we seeing? Well y = t3 can be solved uniquely to tell us that a point with a
y-coordinate of y is encountered at the unique parameter value t = y*/3. The z-coordinate of such
a point is then x = t*> = y?/3. So the picture is showing us points in the 2-y plane that satisfy
z = y?/3. Maybe a nicer way to put it is that it’s showing us points that satisfy z° = 2.

1.3 Compositions of Functions and Paths

A function on R" is a function that takes n inputs and gives one output:

(x1, 22, ..., xy) — flz, 20, ... 2y).

A path in R” is a function that takes one input and yields n outputs:

toe ) = (21 (t), 22(b), . an(t)).

These two gadgets plug into each other quite neatly:
t = pt) = (x1(t), xo(t), ..., xa(t)) = f(P) = flai(t), xe(t), ..., xa(t)).

The resulting function f(p(t)) is a function of only one variable which gives only one output. It is
called a composite of the functions f and p. I'll say it again: it’s a function of only one variable
which gives only one output! That means we can graph it and visualize it easily, and we can even
do ordinary single-variable calculus on it (which we soon will do).

A few examples attaching some possible physical meanings to this idea:

e Suppose e(z,y) is the elevation of a terrain above latitude-longitude coordinates z,y. You
are hiking in this terrain and you follow a path given by (x(t),y(t)), where t is time. What is
your elevation as a function of time? The answer is the composite function e(x(t), y(t)).

e Suppose T'(x,y, z) is the air temperature in a room where points in the room are described
by (z,y,z). A fly is flying around the room and following a path given by (x(t),y(t), 2(t)),
where ¢ is time. What temperature does the fly feel as a function of time? The answer is the
composite function T'(z(t),y(t), z(t)).

16



e Suppose T'(V, P) is the temperature of a gas, as a function of its volume and pressure. You
know that the volume of the gas at a time ¢ is V() and the pressure of the gas at time ¢ is
P(t). What is the temperature of the gas at time 77 The answer is the composite function
T(V(t), P(t)). Here we composed the function 7'(V, P) with the path in the V-P-plane given

by (V(t), P(t)).

For a more specific example, let’s revisit the function f(z,y) = x* + 32, whose graph and level sets
looked like this:

Consider the path p(t) = (t + 1,¢ — 1), whose image looks like this:

Y

The composite function is

fp) =ft+1,t-1)
={t+1)*+(t—1)°
=2t* 4+ 2.

What we are seeing is a function that gives the values of f along the path p:

17
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1.4 Vectors

What is a vector?

“A list of numbers,” says the computer scientist.

Y

“A geometric object with a magnitude and a direction,” says the physicist.

“An element of a vector space,” says the mathematician.

There is some truth in each answer. Different viewpoints are appropriate in different situations. Of
course, as usual, it is the mathematician’s answer that unifies all answers as one concept. However,
even in this math course we will find it useful to specialize our use of the word vector to a particular
viewpoint. Let’s start with a review of the general mathematician’s view. Later, in section 1.5.3,
we will describe how vectors are thought of in the specific setting of vector calculus.

A wector space is a set of things that can be thought of as steps in space, things that can be added
to each other

€quals thig step

and that can be scaled by numbers (which we then call scalars.

18
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That is the abstract viewpoint, but as you probably learned in linear algebra (e.g. math 4A at
UCSB), every finite dimensional vector space looks pretty much like R™ for some n— assuming we
take addition and scaling to operate as follows:

/ /
1 5 r1+ T4
/ /
T Ty To + Ty
+ | = o
/ /
Ty T, Ty + X,
T axy
) T2
(0% =
T, azxy,

When treating R™ as a vector space, we no longer think of its elements as merely being points; we
instead think of them as representing a step from the origin out to some point. So how we think
about the object (2,1), for example, depends on context:

(2,1) as a point (2,1) as a vector

R? as a 2D (geometric) space R? as a 2D vector space

Now it should be more clear why I wanted to avoid the terminology “vector-valued function” to
describe p(t) in section 1.2. While a path p(t) does have outputs that have multiple components,
they’re usually thought of as points rather than vectors. So I'd rather call a path a “point-valued
function.”

One particularly useful vector to form is the difference iy — Z. Even if we happened to be thinking
of Z and ¥ as just points in R™, the vector difference i — ¥ is still a meaningful vector: it is the step
that displaces you from ¥ to /.

19
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If you're not very familiar with the definition of the derivative of a function in single-variable
calculus, then now would be a good time to pause and review that. The definition f'(t) =

lima; 0 W should be okay with you before moving to the next section.

1.5 Velocities

Consider a path p(t) in R™. It will really help in this discussion to think of ¢ as time. Let’s focus
on a particular ¢ =ty and some later ¢t = ¢ty + At. The vector difference Ap = pl(ty + At) — plto) is
a vector that represents the step from p(ty) to pl(to + At).

Ap = plto + At) — plto)

plto + At)

The vector Ap points pretty much in the direction that the path p(t) is traveling when t = ¢y, and
its length is the distance traversed during the time interval [to, {9 + At]. Scaling by Ait keeps the
direction the same, but makes the length be the average speed during the time interval [to, tg + At].
In the limit as At — 0, the vector ﬁAﬁ takes on the following properties: (1) It points ezactly in
the direction that p(t) is traveling at ¢t = to, and (2) its length becomes the instantaneous speed of
plt) at t = to. Except, certain things could go wrong:

20



Issue 1: The limit might not exist at all.
Issue 2: The limit might be 0, in which case it has no direction at all.

Issue 1 can occur when a path jumps around or turns a sharp corner. Issue 2 can occur when a
path stops in one place. If the limit

1 .
Jdim = (p(to + At) = lto))

exists for all g, then we say the path p(t) is differentiable. This limit is how we define the velocity
of a path.

Definition of Velocity Vector

Let p(t) be a path in R™ and let ¢y be a parameter at which it is defined. If the limit

1 .
Jim = (p(to + At) = ko))

exists, then it is called the derivative or velocity of p(t) at t = to, and it is denoted by p”’(to)
dp

or —; |t=t .
at It=to

. J

We will avoid issue 1 above by assuming all our paths are differentiable. Issue 2 may not seem like
a big deal, but it’s actually pretty annoying. We will want velocity vectors to always provide us
with the direction in which a path p(t) is traveling. We will avoid issue 2 by assuming it away as
well. Here are the assumptions:

Assumptions

Whenever I say p(t) is a path, assume that I'm talking about a differentiable path for which
the derivative is never 0.

Further similar assumptions may come later, depending on what we need to develop the theory.

The limit involved in the definition of velocity is a limit of the vector-valued function =;(p(to +
At) — plto)) of At. It turns out that because of the way limits work in R”, the limit can be
carried out on each component function individually. Naming the component functions by p(t) =
(x1(t), xo(t), ..., x,(t)), this enables the following calculation:

7(to) = Jim - ((to + A1) = 5(t)

At—0 A
AAt(xl(to + At) — xl(to)) lima;—g AAt(xl(tO + At) — xl(to)) l"l(to)
— ﬁ(iw(to + At) — xg(to)) B lima;—0 ﬁ(;@(}fo + At) — x2(t0)> B xlz(t())
T At : = : = .
ﬁ($n(t0 + At) - l’n(to» limAt_m ﬁ(mn(to —+ At) — xn(t(])) x/n(t0>

So the velocity of a path can be obtained by simply differentiating all the component functions!
Worth boxing in:

21



Computing the Derivative of a Path

Let p(t) = (x1(t), x2(t),...,x,(t)) be a path in R™. Then its derivative is given by p’(t) =

(@1(8), 25(t), - -, (1))

1.5.1 Examples

Let’s take the helix from earlier as an example.

The velocity is given by

—sint
p'(t)=| cost
1

So for example the velocity at ¢ = 7 is (—1,0,1). The —1 and 0 for the first two components make
sense— looking down at the helix from above (projecting to the z-y-plane) shows

and indeed we see that p(t) is heading directly in the negative z-direction. Now consider what’s
happening in the z direction— the path is steadily rising and this fact is reflected by the constant
z-component of 1 in the velocity vector. Here’s the full 3D picture with the velocity vector shown
at t = 2.

2
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What happens if we consider the same helix with a different parameterization? Let ¢(t) = (cos(2t), sin(2t), 2t).
Now the velocity is

—2sin(2t) —sin(2t)
§'(t)=| 2cos(2t) | =2 cos(2t) | =27"(2t).
) 1

So replacing the ¢ by 2t caused the velocity vectors to all get doubled. Replacing ¢ by 2t in p{(t)
means we are traversing the same helix except twice as fast (thinking of ¢ as time). So it makes
sense that the velocity vectors got doubled. Actually, we could have seen this directly from the
chain rule, which works as you would expect for paths:

d | _dtdp
Our computation would then have been
d d dp dp

We can see from the chain rule that reparameterization always has the effect of simply rescaling
velocity vectors.

1.5.2 Derivative of f(p(t))

Recall the composite function we talked about in section 1.3: given a function f(#) on R™ and a
path p(t) in R™, the function f(p(t)) is a function of just one variable with just one output. The
function f(p(t)) tracks the values of f along the path . The derivative & f(p(t)) then tells us about
the rate of change of f along the path p(t).

Let’s focus on a specific t = to. Let &y = p(to). Then & f(5(t)) |i=¢, tells us about the rate of change
of f that would be observed if one focused on values of f that are near 7y and along the direction
in which p(t) travels through #,. That direction is dictated by the vector p”(t). So really < f(p(t))
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is telling us something about the rate of change of f(¥) at Zy in the direction of p”’(tq). There will
be more on this idea later in the course, but I just want to prime you to start thinking about it.

Here’s an example using the same setup from page 17: Let f(z,y) = 2+y? and let p(t) = (¢t+1,1—1).
Let’s focus on ¢ = 1, just to have a specific point to look at. Now p’'(¢t) = (1,1), so p’(1) = (1, 1).
Recall from page 17 that f(p(t)) = 2t* + 2. So $ f(p(t)) = 4t and 5 f(P(t)) [i=1= 4. This number
is telling us about the rate of change of f(x,y) if one considers values of f(z,y) near p(1) = (2,0)
and along the path p(t), so in the direction p’(1) = (1, 1).

The slope of this f(p(®)

" |slope here is

line is the rate L)) =1

of ascent of f (7, )
in the 7'(1) direction

\n\z p(t), sitting in the . . . .
) y - R 1 2

x-y-plane

Let me say all that again with a physical example in mind: If f(z,y) represents the elevation of
a terrain over longitude and latitude coordinates (z,y), and if p(t) represents the path you take
through the terrain on your hike, then % f(@P(t)) |i=1= 4 is your rate of ascent per unit time at
time ¢ = 1. This rate of ascent is telling you something about how steep the terrain (the graph of
f(z,y)) is in the direction you happen to be going at ¢ = 1 (which is the direction p”(1) = (1, 1)).

1.5.3 Vectors at a Point

Look at how we depict the velocity vector of a path:

- the vector 7'(to)

You may have noticed that the arrow for the velocity vector p’(to) is depicted a little bit differently
from how we were depicting vectors in section 1.4, where all vectors had their tail-end at the origin.
This is because section 1.4 was a pure linear algebra setting where a single vector space was being
considered. In our current setting, however, our vector p’(ty) is obtained by looking at the behavior
of p(t) near p(ty). The vector p’(to) therefore rightly sits at the point p(ty), and not at the origin
of the euclidean space in which the path p(t) lives.
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& this,
not this =
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What’s really going on is that there are many, many vector spaces in the same picture! Let me use
the term wvector-at-x to refer to any vector that is a possible velocity for a path passing through a
specific point & in R"™. At each point # in R", there’s an entire n-dimensional vector space (an entire
copy of R™) consisting of vectors-at-Z. In particular, p’(to) is a vector-at-p(to). You can think of
its tail end as being at the origin of the vector space of vectors-at-p(tg).

7(to) axes of the vector space of
/vectors—at-17(t()), where 7"(to) lives
axes of R” the euclidean
> / space in which p(t) lives

I will admit that this is a bit confusing. Understand the following for now, and you will eventually
see how this way of thinking works:

Vectors at a Point

Every point ¥ in euclidean space has a vector space attached to it, namely the space of
vectors-at-Z. If p(t) is a path then the velocity p”(to) is a vector-at-p(to).

1.6 Vector Fields

Now that we’ve talked about vectors at a point, we can define vector fields:

Definition of Vector Field

A wector field on R is a function F () which takes as an input a point in R™ and yields as
an output a vector at that point.

We will also introduce some kind of differentiability assumptions into the definition later, but we're
not ready to state those yet. As suggested by the notation F(Z), a vector field is a function of
multiple variables with multiple components. And the number of components equals the number
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of variables, because F (7) is always supposed to be a vector-at-Z, which is an object that has n
components if Z is a point in R".

Pay attention to the difference in how we think about what goes into F (Z) and what comes out
of it: points of R™ go in, vectors (at those points) come out. (This is not the only way to think
of a function of multiple variables with multiple components. One could also think of it as taking
in points and outputting points. But if we view the function that way then we would not call it a
vector field.)

Here’s an example: ]3(95, y) = (y, —x). It assigns to every point in R? a vector at that point. So for
example (1,1) gets assigned (1, —1), (0,2) gets assigned (2,0), etc.
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Obviously we cannot display the value of F (Z) at all the points shown; that would just fill the
diagram with blue ink. But you can get the general idea of what F'(¥) is doing from the discrete
grid of vectors shown.
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The collisions of arrows at the outer edges of the plot is pretty annoying. The collisions are not
“real,” they are just a graphical artifact having to do with how we chose to display magnitudes of
vectors. We could remedy the situation by scaling down how we display all the vectors

IR
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Ll ' N EN \ \ \

A}

v

or by making them all have the same length and using some other feature such as color to represent
the relative sizes of vectors:
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Here are some things a vector field might be used to represent:

e A velocity field for a fluid. One could model a fluid as a vector field ¥(Z) where ¥(Z) is the
velocity of bits of fluid at the location .

e A force field (like gravitational or electric force). One could have a function F(Z) that gives the
force imparted on a particle located at . But something is off with this example. Remember
how I defined the term vector-at-r? A vector-at-7 is a vector that arises as the velocity of
some path that passes through #. That doesn’t sound at all like what a force vector is! In
truth, the force field function F (%) is not a vector field, but something else. We usually cheat
and treat a force field like a vector field anyway, and that is usually okay. If you ever decide to
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do physics seriously, then at some point it would be good to understand what kind of object
a force field really is.

e A system of first order ordinary differential equations (ODEs). This example will make sense
to you if you've had a course on the topic (such as math 4B at UCSB). Say you are trying to
determine some functions x1(t), zo(t), . .., x,(t) according to some law that they are supposed
to obey. These functions could be anything that evolves in time— populations of various
species in an ecosystem, prices of various goods in a marketplace, position and momentum
coordinates of some particles, etc. If you state the law that governs their time-evolution as a
system of first order ODEs, then it would look like

71 (t) = fi(z1(t), 22(1), .., 2n(t))
vy(t) = fa(21(t), 22(t), ..., 2n(t))

Ty (t) = fu(a(t), 22(t), . ., 2a(t))

for some functions fi, fo,..., f, on R™. Or, using our notation for multiple components to
abbreviate this, it’s just

(1) = fla()).

The function f(Z) that appears here is a vector field on R"™. Really, a system of first order
ODEs in n unknown functions is exactly the same thing as a vector field on R"!

1.7 Partial Derivatives

How do we take a derivative of a function of multiple variables? We saw one option in section
1.5.2: compose it with a path and then apply an ordinary derivative to the resulting function of
one variable. Now we will see another option: partial derivatives (which will soon turn out to be a
special case of the first option).

Definition of Partial Derivative

Let f(x1,22,...,2,) be a function on R™. The partial derivative of f with respect to w1,
denoted by 88—;1, is the function on R™ whose value at (z1,xs, ..., x,) is
i flx1 4+ Axy, 2o, ... 2) — f(T1, 20, ..., 2y)

AI14)O Affl

In other words, it is the function obtained by taking the derivative of f with respect to

x1, while holding constant all the other variables x»,...,x,. The other partial derivatives

of of ..
Bug) 1 9a Al€ defined similarly.
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Let’s use the function f(z,y,2) = 4zyz + 32°z + 3* on R? to demonstrate:

6_f = 4yz + 62z
ox

g_g]; =4xz+ 2y
ﬁ = 4oy + 3z
0z

Pretty simple. Just follow the usual derivative rules, pretending that everything is a constant other
than the variable with respect to which you are taking a derivative.

What is the meaning of the partial derivative? The derivative of a function of one variable f(z) is
supposed to tell you how the output of the function responds when you vary the input. If you vary
the input z by a small amount Az, then the derivative tells you how the output changes:
df
fzo+ Az) =~ f(x0) + a(xg) Azx.

It’s the same deal with partial derivatives. The partial derivative with respect to x of the function
f(x,y,2) on R3 is telling us how the output of the function responds to variations in x while the
other variables are held fixed:

of
f(xo + Az, yo, 20) = f(20, Yo 20) + 8_35(%’ Yo, 20) Ax.
Similarly,
of
f(@o, yo + Ay, 20) & f(xo, Yo, 20) + 8_y<x0’ Yo, 20) Ay,
and so on for % and so on for functions on R™ in general. If f(zq,9,...,2,) is a function on

R™ then the partial derivative % tells us about the rate of change of f in the direction of the x;
coordinate in R™.

Partial derivatives are actually a special case of what we saw in section 1.5.2. Let me demonstrate

with a function f(x,y,z) on R3. Suppose we are interested in the value of the partial derivative
% at a specific point (o, Yo, 2z0). Take the path p(t) = (z¢ + t, yo, 20), which can alternatively be

written as p(t) = (2o, vo, 20) + t(1,0,0). This is a path that starts at (zo,yo, 20) and travels with
velocity vector (1,0,0) (straight in the x direction with unit speed). Now consider the derivative of
the composite f(p(t)):

d . . d
E (p(t>> ’tZO = E ('TO + t7 Yo, ZO) ‘tZO
= lim f(xo + At? Yo, ZO) B f(ll(), Yo, ZO)
At—0 At
of

= %(330790,20)-

What we are seeing is that the partial derivative of f with respect to z is just the rate of change of
f along a certain path, namely the path that heads off straight in the x direction.
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1.7.1 Higher Partials

For a function of one variable f(x), the so-called “higher derivatives” are the result of iterating the
process of differentiation: f(x), f'(z), f”(z), and so on. Iterating the process of partial differentia-
tion leads to the “higher partials.”

If f(x,y) is a function on R?, then the first-order partial derivatives are 2 and af There are four

a
o of o of 8 df a af
second-order partial derivatives: Z-3&, 2- 5y oy oz & and 55 65" Usually we Would wrlte these using

the respective notations
&2f  9:f  82f

9%f
dx2’  dxdy’ Oydxz’ and oy?

Similarly, there would 3 x 3 = 9 second-order partial derivatives for a function of 3 variables, 16
for a function of four variables, and so on. And for a function of two variables there would be
2 X 2 X 2 = 8 third-order partials, and so on.

Note that in notation like %, you would read the bottom from right to left to determine the order

in which partial derivatives are being applied; this is because 88 gy gz gf has the Z- a belng applied
to f first, followed by the % being applied to the result.

Speaking of the order of application, it turns out not to matter. Usually.

Theorem: Order doesn’t matter for partial derivative operators

Let f(x,y) be a function on R?. If a‘ig and 8 f both exist and are continuous, then they

are equal. It follows that for a functlon f(@) on ]R", the order of application doesn’t matter

for any pair of partial derivative operators % and % as long as both double partials exist
i J

and are continuous.

Soon in the next section we will put down some global assumptions that will hold throughout the
2 2
course and that will make all double partials exist and be continuous. So you can use aiafy = aayg;

throughout our course.

Let’s look at the theorem in action using the example f(z,y,z) = 4zyz + 32?2z + y* from earlier.
Recall that we had

8_f = 4yz + 622
Ox
8—f =4xz + 2y.
dy

Now apply 2 % to and apply - 9 to 6f

o°f 00 0
oydx  Oydx Oy
*f 0 of

0xdy %8_3;

(dyz + 6x2) = 4z

0
= %(4302 +2y) = 4z.
Indeed, they are equal. Neat!
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We will not prove this theorem here, but if you are curious then just wait until we start doing some
integration. At that point there will be an easy way to prove it.

1.7.2 Smoothness

A function of any number of variables is called smooth if all its derivatives of all orders exist at all
points where the function is defined. So for example f(x) is smooth if f(z), f'(x), f"(x), etc. all
exist for all x. For a function f(x,y,z,w) to be smooth, things like

838f
0x150y*0280w!!

must exist— any partial derivative of any order that you can concoct must exist.

If a function has multiple components (meaning that its outputs have multiple components),
then we call it smooth if each of its component functions is smooth. So for example a path
p(t) = (x1(t), xo(t), ..., x,(t)) is smooth if each of the functions z(t),x2(t),. .., x,(t) is smooth
in the above sense. And a function of multiple variables with multiple components F (@) =
(FL(Z), Fy(Z), ..., Fn(Z)) is smooth if each of its component functions is smooth in the above sense.
This terminology applies whether we are thinking of F (%) as a vector field or just as an R"-valued
function on R™.

I introduced this terminology just so we can lay down the following assumptions for the rest of the
course:

We assume that everything is smooth.

In this course, unless we explicitly state otherwise, all paths, functions, and vector fields
are assumed to be smooth. (We are also keeping the assumption from before that paths
have nonzero velocity.) In other words, you can take the word “function” to mean “smooth
function,” take the word “path” to mean “smooth path with nonvanishing derivative,” and
take the word “vector field” to mean “smooth vector field.”

Making these assumptions now will save us the headache of constantly fussing over differentiability
hypotheses in theorems. A lot of functions are smooth anyway. And you can go back and worry
about non-smooth versions of our theorems later, if you have the need.

To give you some intuition about the smoothness condition, and to convince you that a lot of
functions are smooth, let’s look at smoothness for functions of one variable. First of all, if f(z) is a
polynomial, then f(z) is smooth (its derivative is given by using the power rule, which always just
yields another polynomial). That’s already a lot of functions, but the same goes for the “infinite
sum” version of polynomials: functions that equal their own taylor series everywhere. So our usual
transcendental friends sin(x), cos(x), e*, and log(z) are all smooth. Sums, products, quotients, and
composites of smooth functions are smooth. But there’s quite a bit more still.

Here’s a fun example. It is possible to have a smooth function f(z) take the value 0 for = < 0, and
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then suddenly (but smoothly!) start ramping up and doing other things. Here’s how it’s defined:

eVt >0
f(x){O x <0.

Normally with piecewise-defined functions, one would worry about a lack of differentiability at
points where the pieces meet— in this case at = 0. But in this case e~/ and every single one of
its derivatives all limit to 0 as x approaches 0. So this function ends up being smooth. A plot of

f(z):

0.2

0.1

1.7.3 Multivariable Chain Rule

We now know how to take derivatives of functions f(Z) (take partial derivatives) and how to take
derivatives of paths p(t) (take velocity). In section 1.5.2, we explored the meaning of the derivative
of the single-component single-variable composite function f(p(t)). This ought to be related to
derivatives of f and of p via some kind of chain rule. It is:

The Multivariable Chain Rule

Let f(x1,2s,...,z,) be a function on R™ and let p(t) = (z1(t), z2(t), ..., z,(t)) be a path in
R". Then

_ Of dry Of das af dz,

C Oxp At Oxo dt Ox, dt

d
TEACURIONREAO)

Let’s start with a demonstration, and then I will try to motivate this form of the chain rule. We will
reuse the same example from sections 1.3 and 1.5.2: Let f(z,y) = 2?2 +y? and let p(t) = (t+1,t—1).
Remember that we often like to refer the component functions of a path by using the names of
coordinates: p(t) = (z(t),y(t)). Now by the multivariable chain rule, we have

Of dz  f dy

et G = @O+ O = @+ 1)+ Q-1 =

GO

which is the same as what we got in section 1.5.2 without using the chain rule! You may have
noticed that when we filled in g—j: we didn’t just write 2z; rather we wrote 2x(t), putting in the
appropriate component of the path. Doing this is just part of the chain rule that I left out of the
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notation just to make it easier on the eyes'.

On to the motivation. Consider a function f(x,y) on R™. If you change x by a little bit Az, the
response of f(x,y) is governed roughly® by %

flz+ Az, y) = f(z,y) + %Aw.

Similarly, changing y by a little bit Ay yields a response of f(x,y) that is governed roughly by g—i:

Floy+ Ay) ~ fla.y) + %Ay.

What if both changes Ax and Ay are made? How does f(z,y) respond? Well, you just add up the
contribution to the change in f(x,y) that is due to changing = and the contribution that is due to

changing y:3
of of A

flz+Azy+ Ay) ~ flz,y) + 57 Av+ == ay

Now suppose you have a path p(t) = (z(t), y(t)). What we're really interested in is how f(p(t)) =
f(z(t),y(t)) responds to variations in ¢. Let’s deal with the p(¢) part first: we have

d
2(t + At) = ()+det

dy
it + A0 ~ () + Lt

So putting everything together we have the following for how f(z(t),y(t)) responds to a change At:

flz(t+ At),y(t + At))

Q

f (x(t) + %At , y(t) + %At)

~ f(z(t),y(t) + % (i—fAt) + ?95 (dyAt)

dofde  Ofdy
= Jlalue) + (S5 + ) At

And there’s the multivariable chain rule. The thing in big parentheses on the last line must be the
derivative L f(z(t), y(t)).

There is something very practical to the chain rule: it provides a relationship between the rate of
change of a function and the rates of change of its inputs. Suppose your happiness H(h,r, g) is
a function of only three things: you hunger level h, your restedness level r, and your grade g in
math 6A. Since this is a silly example, the units are all made up— we could just vaguely call them
“units of happiness,” “units of hunger,” etc. Now suppose you knew that your hunger is currently

People do this all the time with the single variable chain rule: (g(f(z)))" = ¢'(f(x))f’(x) is often written as
% = g? gfj It’s really more like % = g—)gf | f= () %, but that’s just not as pretty. Context usually suggests the
intended interpretation of the symbols.

2By “roughly” I mean “to first order.” That is, if one considers only the aspect of the response of f(x,y) to a
change Ax that is linear in Az, then that response is governed by %

3What you're seeing here is basically the first-order terms in the multivariable taylor series of f(x,y).
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changing at a rate of —3 (units of hunger per unit time), your restedness is changing at a rate of
—2 (units of restedness per unit time) and your grade is changing at a rate of 0.1 (grade points per
unit time). Then what is the current time-rate-of-change of your happiness? The chain rule says it
is:

dH OH OH 0OH

— =-3—-2—+01—.

at on “ar Ty
So to figure it out all you need fill in is the partial derivatives of H. But remember that each partial
derivative of H is a function of h, r, and g. So you would also have to know the current values of

h, r, and g so that you could fill in the current values of the partial derivatives of H.

You might come up with a more accurate function H(h,r,g,t) to describe your happiness, where ¢
is time. For example maybe you are grumpier during certain parts of the day and happier during
others. Here we have explicit time dependence, and the chain rule would say

dH _dnoH  droH  dgoH  0H
dt  dt oh  dt Or dt 0g Ot

One way to think of this is that it is just applying the chain rule while using the fact that % = 1.
If you were thinking of a particular path through h-r-g-space, then you can upgrade it to a path
through h-r-g-t-space by introducing a t-component which is just ¢ itself. Note the difference
between the symbols 4 and %—If. The first one is the total rate of change of H(h(t),r(t),g(t),t) in
time, taking into account the ways in which A, r, and ¢ are changing in time. The second is the
partial derivative of H(h,r,g,t) with respect to ¢, and it tells you how H changes with t if h, r,

and g are all held constant.

1.8 Domains

Functions and vector fields do not necessarily have to be defined on all of R™ and paths do not
necessarily have to be defined on all of R. The domain* of definition may be restricted for certain
reasons:

1. The definition of a function or path may involve other functions/operations that have re-
stricted domain. Also, one might only care about a certain segment of a path, or one might
want a path to stay within a certain region.

2. The coordinates x1, xs, ..., x, may be used to represent something in such a way that it only
makes sense to consider points within a certain subregion of R”

An example of the first situation: One might want to work with f(z,y, 2) = log(m). Due
to the division, this function would not be defined at points of the form (2, —1, z). Due to the log,
it would not be defined at points of the form (x,y, z) for which z < 0. The set of remaining points,
those points (z,y,2) in R3 for which (z,y) # (2,—1) and z > 0, can be taken to be the domain of
f. If we call that set A, then we would say f is a function on A, rather than on R™. Now consider

a path p(t) = (V/t,t,1 —t). Due to the /¢, this path is only defined for ¢ > 0. Also, we might

4The domain of a function is the set of things on which it is defined— the set of valid inputs to it.
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insist that the path stay within A, possibly because we want to be able to consider the composite
f(p(t)). Then we would also insist that 1 —¢ > 0, so ¢t < 1. So this is a situation where we would
want to take the domain of the path to be the interval [0, 1).

An example of the second situation: Suppose that T'(x,t) is the temperature of a metal rod at a
distance x along the rod, and at time ¢. Then the domain might only contain (z,t) for which z is in
the interval [0, ¢], where ¢ is the length of the rod. Maybe also you only care about ¢t > 0, because
you've got an initial temperature distribution on the rod and you are only concerned with how that
evolves forward in time according to your model. Then the domain of T'(x,t) is a strip in R? that
extends infinitely in one direction only:

\/
8

2 Coordinate Systems and Spaces

A coordinate system assigns labels to points in a space so that we can more easily talk about it.
It is sort of an artificial construct, since the points being labeled are often not even distinguishable
from each other. Sometimes the stroke of insight needed to make an impossible problem possible
is to express everything in just the right coordinates. Sometimes the initial setup of a problem
inherently suggests certain coordinates, and one eventually has to transform everything so that it
is expressed in better coordinates for solving the problem. This is why it will be important for us
to understand how to transform expressions of objects from coordinate system to another.

In section 2.1, we will begin our study of coordinate transformations in R™. Since R™ has cartesian
coordinates built-in as a sort of “default setting,” putting new coordinates on it is always a matter
of transforming from cartesian coordinates to the new coordinates. Then, in the second half of
section 2, we will extend the idea of coordinate systems to describe a given family of objects as
“points in a space,” where the space will no longer have to be R™ or even a part of R".

2.1 Coordinate Systems on R"

A coordinate system is a way of labeling points by lists of real numbers. With the way we defined
R", points already have such a labeling because they are the labels— elements of R™ are already lists
of real numbers. This kind of default labeling that R™ has is one example of cartesian coordinates.
Translating or applying invertible linear transformations can give other cartesian coordinates.

For example, R? has its default cartesian coordinates, where we label any element (z,y) of R? by
the list of coordinates (z,y). So (3,4) gets the label (3,4), (1,2) gets the label (1,2), etc. Let’s give
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R? new coordinates (u,v), where (u,v) has its origin shifted to the point (z,y) = (2,3) and where
the coordinate axes are rotated by counterclockwise by 45°.

Now each point has two names, its (x,y)-name and its (u,v)-name. For example the point that
is called (2,3) in the (z,y) coordinate system has the name (0,0) in the (u,v) coordinate system.
We say that (0,0) are the u-v-coordinates of the point (z,y) = (2,3). What about the point
(x,y) = (1,1)7 What are its u-v-coordinates? Or how about the reverse sort of problem: What are
the a-y-coordinates of the point (u,v) = (1,1)? Whenever we want to work with new coordinates,
we need a transformation rule that tells us how points get renamed. In this case, the transformation
rules in both directions are:

_ 1 1 z—2 y3
x—?u—?ﬁv%—Z U—W Wg
y=u+t zv+3 v:—%+y—2

Now we can answer those questions:

1 (z,9) = (2,3 +V2)
’ K\{(u,ﬂ) —(L1)

<

Note that it is useful to have transformation rules going in both directions— getting (z,y) in terms
of (u,v) and getting (u,v) in terms of (z,y). A crucial feature of coordinate systems is that they
should assign to each point a unique label, so it should always be possible to have transformation
rules in both directions.

The u-v-coordinate system assigns to each point in R? a pair of numbers. Looking at just the u
coordinate, it assigns a number to each point in R%. We already know about a kind of object that
does just that: a function on R?! Really, coordinates on a space are just functions on that space.
The coordinate transformation rules are the definitions of those functions:

r—2 y—3

u(z,y) = N AR

r—2 y—3

v(x,y) =— 7 7
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Even the z-y-coordinate system is just a pair of functions. The functions x and y look really simple:
r(r,y) ==
y(@,y) =y,

but that’s because we are expressing them in z-y-coordinates! If we express the functions x and y
in u-v coordinates instead, then we see the other coordinate transformation rule:

(U,0) = ——u— Sy 12
z(u,v) = —=u — —=v
V2 V2
1 1

We can now set up our general framework for coordinate systems:

Coordinate Systems on R™ (or part of R™)

A coordinate system on a subset U of R" is a list of functions

Uy = U1($1,$2, 500 7$n>

Uy = Ug(.]?l,l'g, 500 ,.flfn)

Up = un(xla‘x% SR 7xn)
such that each point (x, 2, ..., x,) in U gets assigned a unique list of coordinates (uy, .. ., u,).
The functions u; () give you the transformation rule for converting points (z1, z, . . ., ) from

x;-coordinates to u;-coordinates. There should also be a transformation rule going in the other
direction, giving you x;-coordinates in terms of wu;-coordinates:

1 = T1(ug, Uy .. ., Up)
) :J}'Q(Ul,UQ,...,Un)
Ty = Tp(Up, Us, ..., Up)

\. J

In the example above, the new coordinates (u,v) were defined on all of R%. But in general, new
coordinates can be introduced that are only defined on a portion U of R". For example when we
define polar coordinates on R?, we will see that they are not defined at certain places (the set U on
which they are defined turns out to be R* with a certain ray deleted).

2.1.1 Some Useful Coordinate Systems on R? and R3

In this section we will define three famous non-cartesian coordinate systems. The first is the polar
coordinate system on R2.
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Polar Coordinates Instead of specifying a point by giving its  and y coordinates, we can specify
it by giving its distance r from (z,y) = (0,0) and the angle # that it makes with the x-axis:

this point has
e polar coordinates (r,0)

The transformation rules for going between polar and cartesian coordinates are as follows:

x =1 cos(f) vVt +y?

’
y=rsin(f) 6= atan2(y,z).

You could derive these yourself by just using the meaning attributed to r» and #. The function
atan2(y, x) is a version of arctan(y/x) that corrects for the fact that arctan(y/z) doesn’t notice the
relative signs of x and y°.

There are some restrictions on the values that r» and 0 are allowed to take:

r >0
0<0 <2

Note in particular that the ray of points that would have gotten the polar coordinates r = 0 or
6 = 0 are being excluded:

. these points do not have polar coordinates.
I will call this "the bad ray"

5The function atan2(y, ) is defined like this:

arctan(y/x) ify>0andz#0
7r ify=0and 2 <0
atan2(y,z) ¢ arctan(y/z)+7 ify<Oandx#0
/2 ify>0and z=0
3m/2 ify<0and x =0,

assuming a version of arctan that takes values in the range (0,7). Basically, atan2(y, z) corrects for the fact that
arctan(y/x) doesn’t notice the relative signs of 2 and y. If we had just used § = arctan(y/x), then the points
(x,y) = (1,1) and (2,y) = (=1, —1) would have gotten the same coordinates (r,) = (v/2,7/4), which is a big no-no
for coordinate systems. The correct 6 coordinate for (—1, —1) should be atan2(—1,—1) = 7 4+ 7 /4.
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These restrictions arise for a few reasons:

o The meanings of the coordinates. In this case, the coordinate r represents distance from the
origin, so it doesn’t make sense to allow it to be negative. This leads to the restriction r» > 0.

o The requirement that each point get a unique set of coordinates. The r-coordinate for the
point (z,y) = (0,0) would clearly have to be 0. But what should be its 6 coordinate? The
same question arises for any point of the form (x,y) = (x,0) with x > 0: It would clearly
have an r-coordinate equal to x, but what should 8 be? Should it be 0 or 27?7 Since we don’t
know what to choose, we just kick out from the polar coordinate system all points of the
form (z,y) = (z,0) with # > 0; let’s call the set of those points “the bad ray.” The set U on
which polar coordinates are defined is the complement: the set of points in R? that are not
in the bad ray. You might wonder: Why kick out the points for which we are unsure which
coordinates to choose? Why not just choose something? Why not choose 6 = 0 on the bad
ray? Read on.

e The requirement that coordinate transformations be smooth. Remember that we want all our
functions to be smooth for the rest of the course- this includes the coordinate functions r(z, y)
and 0(x,y). We want to use coordinates to do calculus after all, so we don’t want coordinates
to interfere with the differentiability of the objects we study! If we had chosen # = 0 or § = 2«
for the points in the bad ray, then 6(x,y) would fail to even be a continuous function! Passing
across the bad ray would lead to a discontinuous “jump” in 6 values.

Okay, on to the other two famous coordinate systems, both on R3. For each one I will give you the
meanings of the coordinates, the coordinate transformation rules going in both directions, and the
restrictions on the values the coordinates can take.

Cylindrical Coordinates These are a lot like polar coordinates, but extended to R? by including
an additional z-coordinate. A point (z,y, z) in R3 is specified in cylindrical coordinates by giving
(r,0,z), where (r,0) is actually just the polar coordinate of the point (z,y) in R? and, and where
z in cylindrical coordinates is identical to the cartesian coordinate z. In this case, the cylindrical
coordinate r could be interpreted as “distance from the z-axis.”

this point has
cylindrical
T coordinates (7,6, z)

The transformation rules for going between cylindrical and cartesian coordinates are as follows:

r=rcos(f) r=/2%+y?
y=rsin(f) 6= atan2(y,z)
z=z z=2z.
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The range of values that (r,6, z) can take is as follows:

r>0
0<0 <27

z can be anything.

Spherical Coordinates Let’s start our specification of a point of R? by pinning down its distance
p from the point (z,y,2) = (0,0,0). I don’t want to use r for that coordinate in order to avoid
confusing it with the polar and cylindrical r, so I am using the Greek equivalent p. Now if p is
specified, what else needs to be specified to determine which point we are talking about? Well, once
p is specified, there is a sphere of possible points we could be talking about. To pin down a point
on the sphere, we can use two angles # and ¢. The first angle ¢ is the angle our point makes with
the z-axis. Specifying ¢ is like choosing a circle of “latitude” on the sphere. After that, one more
angle 6 is used to choose which point on that circle we are talking about.

this point has
spherical
& coordinates (p. 0. ¢)

The 6 coordinate of (x,y, z) is really the same one from the cylindrical coordinate system: it is the
polar @ coordinate of (z,y). The transformation rules for going between spherical and cartesian
coordinates are as follows:

x = psin(¢) cos(h) Va?+y?+ 22

p
y = psin(¢)sin(f) 0 = atan2(y, x)
z = pcos(g) ¢ = atan2(/x? + y2, 2).

Try to derive these yourself! We will probably do it in lecture also. The range of values that (p, 6, ¢)
can take is as follows:

p >0
0<0<2m
O<op<m

Why does ¢ only get to do a half-turn? Again it is due to the requirement that each point get
a unique set of coordinates. Think about how allowing ¢ to go beyond 7 would give some points
multiple (p, 0, ¢) labels.

2.1.2 Understanding Coordinate Systems

We are going to discuss two basic ways to understand and visualize coordinate systems:
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e Look at what happens when you fix one coordinate and let all the other coordinates vary.
This amounts to considering the level sets of coordinate functions.

e Look at what happens when you vary one coordinate and keep all the others fixed. This will
generate paths which I will call coordinate paths.

Suppose we have a coordinate system #(Z) on some subset U of R™. I like to imagine that I've got
a box with n control knobs on it labeled uq, ..., u,. As I turn the knobs, a little glowing point flies
around in U taking the various positions (ug,us, ..., u,) that the knobs are set to. Each point in
U corresponds to one unique knob arrangement.

R"™

Uy Uu Uus Up

There are two things I could look at to try to understand how a particular knob such as wu; is
working.

I could set u; to a certain value® u, and look at which points can be reached by turning all the
other knobs in every possible way. The set of points that can be reached are all the points that have
a uy-coordinate of ul. Since u; itself is really a function u;(Z) on R™, T would actually be looking at
a level set u; (%) = u{. If I do that for lots of values of ©?, then I can have a better understanding
of the uy; knob. If I also go through that process for us, then for ug, etc., then I would have a
pretty full picture! Any point (u,ud, ..., u?) is the unique point in the intersection of the level sets
up () = ul, us(¥) = uf, ete. If this paragraph isn’t clear yet, wait until we do examples with polar
and spherical coordinates in just a moment, then come back and reread this paragraph.

Uy = ud

ulzu‘f\

\’u,g = U,g

the intersection of all three level
sets is this point (u, u9, u$)

6The superscript in u{ is not a zeroth power. It’s just a superscript.
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The second thing I could do is fix the u,...,u, knobs to a certain setting u3,...,u2, and then
turn just the u; knob and watch the point fly around. It should traverse some path, and I will call
such a path a coordinate path. So for example if the initial setting was (u,u3, ..., u%), then the u,

coordinate path starting there would be the path
(ul(t)7u2(t)7 s Jun(t)) = (u(l) + ta ugv ce ,'U/SL)

This is the expression of the path in the u; coordinate system. You would have to use the coordinate
transformation rules to turn it into a path in cartesian coordinates.

(the blue curves are the
the coordinate paths heading in

the different directions u1, U2, U3)

\

starting point (u, u9, u3)

Coordinate Paths

Suppose you have a coordinate system ui, us,...,u, and a point (uf,...,u) expressed in

that coordinate system. Then the coordinate path in the u; direction starting at (u,...,ud)
is the path given by

(ul(t)7u2(t)7 cee 7un(t)) = (u(l) + ta ug: ce ,Ug)
The coordinate path in the uy direction starting at (uf,...,u?) is the path given by
(ul(t>> UZ(t)a 000 7un(t)) = (utl)a ug +1, Ug, 010G >U9L)

And so on.

Polar Coordinates Example Let’s try these ideas out on polar coordinates. (Now I am imag-
ining my control box with two knobs, one labeled r and the other labeled @, controlling the position
of a point in R%) What are the level sets for r? For a constant rg, setting r(x,y) = rq is setting
V2% + y% = ro. The points satisfying this are the points on a circle of radius ro. (We didn’t actually
have to bring x and y into the picture to deduce this. Just using the definition of r as the distance
of a point from (z,y) = (0,0), we can conclude that r = ry defines a circle of radius 7.) So the
level sets for r are circles of various radii.

For a constant 6, what is the set of points satisfying # = 6,7 Since it’s kind of a pain to think about
the function atan2, let’s just reason through it in terms of the original meaning of the € coordinate.
The 6 coordinate measures the angle that a point makes with the x-axis. What is the set of points
that make a constant angle 6, with the z-axis? It’s a ray emanating from the origin (x,y) = (0,0)
and making an angle 8y with the z-axis. So the level sets for 6 are rays emanating from the origin
at various angles.

Now overlay the pictures together: circles of various radii ro and rays at various angles 6y. You get
the familiar “polar coordinate grid!”
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To specify a point in polar coordinates, you choose a circle (by choosing a radius ) and you choose
a ray (by choosing an angle 6y). The unique point (“grid point”) where the circle and ray intersect
is the point (r,0) = (rg, 6y) that you specified.

Now let’s examine coordinate paths for polar coordinates. A coordinate path along the r coordinate
would be the path (r(t),6(t)) = (ro + t,6p). This would sit in the § = 6y ray and travel outward
along the ray away from the origin, starting at a distance ry from the origin. A coordinate path
along the 6 coordinate would be the path (r(t),0(t)) = (ro,0 + t). This would sit on the r = rq
circle and travel around in the direction of increasing 6 (so counterclockwise), starting at angle 6
off of the z-axis.

\ s
\\\\J/ //_, \ ///Q\
RS )

(Here I've plotted a random selection of coordinate paths, in the r direction on the left and in the
f direction on the right. There’s a dot at the starting point of each coordinate path, and I let each
one run from t =0to t = 1.)

Spherical Coordinates Example Let’s do the same kind of analysis but for spherical coordi-
nates. (Now I'm imagining my control box with three knobs, labeled p, 6, and ¢, controlling the
position of a point in R?). For a constant py, the set of points satisfying p = po is the set of points
that have distance py from the origin (z,y, z) = (0,0,0). This is a sphere of radius py. So the level
sets for p are spheres of various radii.

For a constant 6, the set of points satisfying 6 = 6, is the set of points (z,y, z) for which the polar
angle of (z,y) is @ = 6y. We already saw that the set of points (x,y) with 6 = 6, are the points
along a ray that makes angle 6y with the xz-axis. The set of points (z,y, z) such that (z,y) are on
that ray is a sort of flap emanating from the z-axis such that the angle it makes with the z-z plane
is By. So the level sets for # are flaps emanating from the z-axis at various angles.
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For a constant ¢g, the set of points satisfying ¢ = ¢ is the set of points that make an angle ¢q
with the z-axis. More precisely, they are points such that when you extend a line from them to the
origin, that line makes an angle of ¢y with the z-axis. Can you see that these points make a cone?
The level sets for ¢ are cones that open at various angles.

Now put it all together. Here are the separate pictures of level sets:

I will not overlay them because the picture gets pretty messy, but try to overlay all these in your
mind. What you are imagining could be called the “spherical coordinate grid.” To specify a point in
spherical coordinates, you choose a sphere (by choosing a radius py), you choose a flap (by choosing
an angle ), and you choose a cone (by choosing an angle ¢g). The unique point (“grid point”)
where the sphere, flap, and cone intersect is the point (p, 8, ¢) = (po, 6o, ¢o) that you specified.

Now for coordinate paths for spherical coordinates. A coordinate path along the p coordinate would
be the path (p(t),0(t), d(t)) = (po + t, 00, ¢o). This would sit in the ray of intersection between the
0 = 6y flap and the ¢ = ¢ cone, and it would travel outward along the ray away from the origin,
starting at a distance pg from the origin. A coordinate path along the 6 coordinate would be the
path (p(t),0(t), ¢(t)) = (po, bo+t, ¢o). This would sit in the sphere of radius py and in the “latitude”
circle at angle ¢o from the z-axis. It would travel along the circle in the direction of increasing 6 (so
counterclockwise to someone looking down from above) starting from 6§ = 6,. A coordinate path
along the ¢ coordinate would be the path (p(t),8(t), ¢(t)) = (po, o, o + t). This would sit in the
sphere of radius pg and in the “meridian” at angle 6. It would travel along that longitude line in
the direction of increasing ¢ (so towards the “south pole”) starting from ¢ = ¢y.




(The plots show a random selection of coordinate paths, in the p direction on the left, in the 6
direction in the middle, and in the ¢ direction on the right. There’s a dot at the starting point of
each coordinate path, and I let each one run from t =0 to t = 1.)

2.1.3 Re-expressing Functions and Paths in New Coordinates

Up till now, we’ve only been using the “default” cartesian coordinates on R", and we’ve expressed
everything in terms of those coordinates. This includes functions, paths, partial derivatives of
functions, velocity vectors of paths, and vector fields. In this section, we will look at how functions
and paths can be expressed in a new coordinate system. The other stuff is a little more subtle and
we will address it in a later section.

Functions and paths are easy to convert from one coordinate system to another. A coordinate
system is the component functions that make up the transformation #(Z), and it always has an
inverse transformation #(@). These coordinate transformation rules are how we switch back and
forth between expressions of points in u;-coordinates and in z;-coordinates:

(x1,22,...,x,) becomes (ui(xy,To,...,Tn), us(T1, T, ., Tp), ..., Up(T1, 22, ... ,Tp))
(ug,ug, ..., u,) becomes (xy(uy,us, ..., Up), To(Ur, Uz, . Up), ..., Tp(Uy, Us,y ... Uy)).
If a function f(z1,xs,...,x,) on R™ is given to you in terms of x;-coordinates, you can convert it to

u;-coordinates by just plugging in the coordinate transformation in the only way that makes sense:

f(xl(ulau% s 7un)7x2(u17u27 s JUTL)J s 7xn<u17u27 s 7un))

If a path (x1(t), zo(t), ..., z,(t)) is given to you in terms of z;-coordinates, you can also convert
it to u;-coordinates by just plugging in the coordinate transformation in the only way that makes
sense:

(ur(zq (), 22(t), . . ., (b)), ua(z1 (t), 22(t), . . ., (b)), - o oy un (@1 (t), 22(8), . .., 2u(t))).

Okay that is an obnoxious amount of parentheses; let me write it vertically:
ul(wl(t)7 332@)7 s >$n<t))
u2(l’1(t), :C2<t)7 s 7xn<t))
un(‘rl<t)7 .IQ(t), s 7xn(t))

Observe that re-expressing a path in new coordinates requires the coordinate transformation from
old to new coordinates, while re-expressing a function in new coordinates requires the inverse
coordinate transformation, from new to old.

Examples The function f(z,y) = x + y* in polar coordinates is:
f(z(r,0),y(r,0)) = f(rcos(d),rsin(d)) = rcos(f) + r*sin*(0).
Now that we know this, we might want to write the following:

f(r,0) = rcos(6) + r*sin(0).
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[ find this a little jarring to look at, but some people are okay with it. We just said that f(x,y) =
z + y?, so wouldn’t it follow from the rules of function evaluation that f(r,0) = r + 6?1 Well,
sometimes people want you to look at the actual letters chosen for the variable names, and use
that information to decide on the coordinates in which to express the function. So you would be
expected to know from the appearance of the letters “r” and “6” in “f(r,0)” that the function
f(z,y) = x + y? should be converted into polar coordinates and then evaluated at (r,0) to give
f(r,0) = rcos(f) + r?sin*(f). One solution to resolve the ambiguity might be to decorate the
function with some notation to indicate the coordinates being used to express it; for example
something like

fcartesian(xa y) =x+ y2
Joolar (7, 0) = feartesian ( (7, 0), y(1,0)) = 1 cos(0) + r? sin?(f).

But I've never seen anyone do that. I will only do it if I think the ambiguity is confusing things.

Another example. The function f(x,y) = e~ (@ +¥%) in polar coordinates is:
f(?” COS(@), r SiH(G)) — ef(r2 cos?(0)+r?sin?(0)) _ 677’2.

We could have seen this without doing the full substitution. If we had in mind the relation 2% +y? =

r? among the coordinates then we could immediately replace the x? + y? with r? to get that

f(r,0) =nr2

Note that expressing f(x,y) = e~ @) in polar coordinates has greatly simplified it to e~
now we can much more readily imagine what the function is doing.

2
™, and

Another example, going the other way. What is the function f(r,0) = 2r + cos(f) in cartesian
(x,y)-coordinates? Well, it’s just

fr(z,y),0(z,y)),

but the function 0(z,y) = atan2(y, x) is pretty annoying to work with, and I'm not really going to
have fun simplifying the expression cos(atan2(y,x)). One way around this is to notice that cos(f)

is closely related to . We have x = rcos(), so cos(f) = z/r = §+ Now we can write the
€T

y2
answer:

f(z,y) =222 + 92 +

X

Let’s try a path now. Consider the path (x(t),y(t)) = (¢%,¢3). The same path in polar coordinates
is given by

{r(t)}_[r(r(t),ygt))]:{ Valt) 4 u(0? ]:{ i }

atan2(y(t), z(t)) atan2(t3, t%)

Now for an example going the other way. Consider the path (r(t),0(t)) = (3,t), which is given to
us in polar coordinates. It’s easy to see what this path is doing. It’s staying in the circle r = 3 and
its 6-coordinate is increasing steadily with time. So it’s just running counterclockwise around the
circle of radius 3. Now convert it to cartesian coordinates:

o =Lt | = ity | =[550|

And there is our familiar parameterized circle of radius 3, in cartesian coordinates.
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The Composite f(p(t)) What happens to a composite f(p(t)) of a function and a path when
we change coordinates? For example, suppose that f(x,y) and p(t) = (z(t),y(t)) are both given to
us in cartesian coordinates. What happens if we convert them both to polar coordinates, and then
consider the composite f(p(t))? The answer is: nothing! It’s the same! To see why, think about the
coordinate conversion process. For a path, converting it to new coordinates is a matter of applying
a coordinate transformation after applying the path function:

x(t
y(t
u(

(

path function

t (parameter) ; } (point in old coordinates)

(t))
(4))

For a function, converting it to new coordinates is a matter of applying an inverse coordinate
transformation before applying the function:

(1),

coord. transf. t
e
v(z(t),

z } (point in new coordinates).

u . . . inverse coord. transf. r\u,v
[ v ] (pomt I new coordlnates) : [ ( ’ )

} (point in old coordinates)

y(u,v)
Jfunction f, f ({ 5;8 Z; D (number output).

Now chain these together, as we do when we form the composite of a function and a path:

path function x
_

t (parameter) point in old coordinates)

~
N—
| S
S

coord. transf. U
e

(
E
U($(t),g?j(t)) 1 (point in new coordinates)
(
(

inverse coord. transf.\ X
,
f

back to same point in old coordinates)

)
function f f <

The coordinate transformation and inverse coordinate transformation appear in the middle and
cancel each other’s effects. The result is the same as if we had just composed the function and path
without changing coordinates:

o gy | —
—

]) (number output).

t (parameter) Jpath function, ;UEQ } (point)

Junction 7, ¢ ({ ‘;Ei; D (number output).

While our expressions of functions and paths may depend on the coordinates in which we choose to
write them, the composite of a function with a path is a truly coordinate independent construction.

2.1.4 Coordinate Bases

Our goal in this section is to figure out how to express the velocity of a path in terms of new
coordinates. This will lead us to the description of a coordinate basis, which is, at each point, a
special vector space basis that somehow lines up with a given coordinate system.
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Let’s start with an example path and look at a description of its velocity in both cartesian coordi-
nates and polar coordinates. I will describe the example path in polar coordinates:

=[] ]

It’s pretty easy to think about what this path does. Here is a plot running from ¢ =0 to t = 8:

Let’s convert it to cartesian coordinates so that we have both coordinate expressions of the path in

e [@)] {(tm) <t>}
Ay = | "0~ cosli) |

y(t) | | (#*+1)sin(t)

Now, we know how to obtain and think about the velocity vector in cartesian coordinates:

Fi=[ 50 ] = [Bomn @ vmn |

What if we took the derivative without first transforming to cartesian coordinates? That is, what
if we took the derivatives of the components in polar coordinates? That should give some kind of
“polar version” of the velocity information right? We get

o) =7 ]

This is somehow also the velocity vector of p(t). One might even write

o = [ | = (3]

But that should make you cringe a little. Certainly those column vectors are not equal in the sense
that their components match up. They both represent the same underlying object p’(t), but in
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different coordinates. We could decorate the column vectors with something to fix this horrible

notation:
2t cos(t) — (t* + 1) sin(t)

7o - | s = 7]
- . 2 - .
2t SlIl(t) + (t + 1) COS(t) cartesian 1 polar
That works, but there’s a much nicer solution. I propose the following notation: Use 0, and 9, to
respectively denote the vectors (1,0) and (0, 1) when those vectors are to be interpreted as velocity

vectors in cartesian coordinates. And use 0, and 0y to respectively denote the vectors (1,0) and
(0,1) when those vectors are to be interpreted as velocity vectors in polar coordinates. In other

words,
1 0
= o], @=[1]
polar polar

1 0
0= (o] 2= 1]
0 cartesian 1 cartesian
Now we can write

p'(t) = (2tcos(t) — (t* +1)sin(t)) 9, + (2tsin(t) + (* + 1) cos(t)) 9,
2t0, + Op.
Much better.

We can make one more improvement to the precision of the notation. Remember from section 1.5.3
that p”(t) is not just any old column vector, but specifically a vector-at-p(t). So what did it mean
when I said 0, denotes the vector (1,0) interpreted as a velocity vector in cartesian coordinates?
A velocity vector where? The answer is: Everywhere, because actually 0, is a vector field. At any
point ¢'in R™, the value of 9, at ¢'is the vector (1, 0) interpreted as a velocity vector-at-¢'in cartesian
coordinates. The same goes for 9, J,, and Jy. So really we should write

p'(t) = (2tcos(t) — (* +1)sin(t)) 0.(p(t)) + (2tsin(t) + (> + 1) cos(t)) 8, (p(t))
but that is usually too much effort and we would just stick to the bare 0,, 9,, 0,, and 0y, letting

context explain what is meant.

We already know how to plot the vector fields d, and d,:

Of > > | oF A A A A A A b A A A
2F e e e e e e e P P B P P -2 + + + + + + + + + + + + + + + q

o
N

L L L L L L
-2 -1 0 1 2 -2 -1
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You might have a guess as to how the plots of 0, and 0y would look, but hold that thought for now.
It will become clear soon enough.

So far we haven’t done much except write things in a certain way. But it’s quite a bit of progress
in this subject where notation is often half the battle. Let’s make the notation official for arbitrary
coordinate systems.

Notation for Coordinate Vector Fields

Given a coordinate system wuq, us, ..., u,, we denote by 0,, the vector field whose value at a
point ¢ is the vector-at-¢ which has the following description if it is interpreted as a velocity
vector of a path that was expressed in the wuy, us, ..., u, coordinate system: it has 0 for all
its components except the i® component, which is 1. We refer to 0y,,0.,,. .., 0, as the
coordinate basis vectors for the coordinate system wuy, us, ..., u,. (Really we should call them
coordinate basis vector fields.)

For example, 0,, is defined to be

the uq,...,un coordinate system

in the notation we were temporarily using above.

In Terms of Coordinate Paths We can “see” exactly which vector d,, is at each point by using
coordinate paths. If we can find a path p(t) that starts at the point ¢ and that starts with velocity
(1,0,...,0) (when the velocity is described in u; coordinates), then that should show us how 0,
looks (because it would be the vector tangent to that path at ¢ and pointing in its direction of
motion). It’s very easy to form such a path in u; coordinates. Assuming that ¢ has u; coordinates

of (uf,ud, ..., u?), the following path works:

uy (t) ul +1
- | 0 =]
wn(?) 0
Take a t derivative and observe that you indeed get (1,0, ...,0), which is now also known as 0y, (¢),

or just 0,,. This path is the coordinate path for u;, starting at ¢. So 0,,(¢) is the initial velocity
of the coordinate path for u; that starts at ¢.

B, (9)

coordinate path for uq
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Similarly for d,,, and worth boxing in:

Description of 0, in terms of coordinate paths

Given a coordinate system uy, . .., uy,, the vector d,,(q) is the initial velocity of the coordinate
path for u; that starts at ¢

So in the example of polar coordinates on R?, this gives us a way to look at 9, and 9. The vector
0, is the initial velocity of the coordinate path (r(t),0(t)) = (1o +t,6p), assuming we are looking at
O, at the point that has polar coordinates (rg, 6y). Here is a picture at a couple of different choices
of (To, 00)2

c_oord inate Paﬂns for
P o roin blue

>

air* n redl

(SO 2o e
<_________ /k_

\

Note that it looks different in different places— again remember that 0, is really a vector field. As
for 0y, also at the point that has polar coordinates (o, 6), it is the initial velocity of the coordinate
path (r(t),0(t)) = (ro, 00 +t).

3
4 2 coocdinatke paths e 0

B - -
C;J!r“‘ Can ¢ i Aw f{ I’M-b 'S Wc,i{w‘_‘;

______._,___._._.% Vv N "ITDQ =

Now we can make sense of the velocity in polar coordinates of the example from the beginning of

this section. For the path
L @] [ #+1
=g =[]
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we had a velocity of
pl(t) =2t 0, + Op.
To get a specific vector, let’s evaluate at t = w/2. There we have

N 2/441 i
pr/2) = [” ;/2 ] P(n)2) = 70, + Oy
And at t = 7 we have

i) = [ F(r) = 20, +

Given that 0, and 0y point along coordinate paths, we can depict these vectors based on their
components:

41
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o
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Observe that in the velocity expression p’(t) = 2t0, + 0Oy, the time dependence is not just in
the “2¢t” but also in 0, and Jp! It just wasn’t as clear because the expression is really p’(t) =
2t 0, (p(t)) + 0p(p(t)) and we are being lazy in how we write it out.

Transforming Coordinate Basis Vectors Suppose we want to convert the velocity vector
p'(t) = 2t 0, + Oy into cartesian coordinates. Well we already had the answer at the beginning of
the section: convert the original path p(t) to cartesian coordinates and then take the velocity of

that result to obtain
p'(t) = (2tcos(t) — (t* + 1) sin(t)) 9, + (2tsin(t) + (¢* + 1) cos(t)) 0.
But there ought to be a way to go back and forth between the expressions 2t 9, 4+ 0y and (2t cos(t) —

(t2+1)sin(t)) 9, + (2tsin(t)+ (£2+1) cos(t)) 9, without having to use the original path. To achieve
this, we need to relate 0, and 9y to 0, and 0,,.
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Let’s resolve this problem in general, actually, because the answer is really useful. Suppose you

have a coordinate system uy, . .., u, and another coordinate system x1, ..., x, (it could be cartesian
coordinates but doesn’t have to be). Then what is 9,, in terms of 0,,,0s,,...,0,,7 These are all
vector fields I'm trying to relate, so let me specify a point ©% = (u, 49, ..., u%) in ui-coordinates at

which I want to relate them. We can use the coordinate path description of d,, to calculate:

U1:U(1)+t
. d uy = uy
0 () = L 1o
_un:ug
_xlle(u?+t,u8,...,u2)
d Ty = xo(ud +t,ul, ... ud)
—&’tzo
| Tn =z (U} Ly, )
_ - d 0 a -0
= 3 o )0

0x;
_Zau1 lgo Oy, (T°).

Removing the evaluation at @° to get an overall equality of vector fields, we have
DNE

3u1

I chose to do the calculation for d,, to make it easier to write out, but the same can be done for

Ouyy - - -, Oy, . What we have derived here is the coordinate transformation law for coordinate basis
vectors.

Transformation Law for Coordinate Basis Vectors

Given coordinate systems uq,...,u, and x,...,xz,, the following relationship holds among
the coordinate basis vector fields:

i—1 6Uj

for all j. At each point ¢, the sets 0y, (q),. .., 04, (q) and 0,,(q), ..., 0., (q) are bases for the
vector space of vectors-at-¢, and the relationship above is the change-of-basis rule.

Now we can use this result to relate 0, and dy to J, and J,:

Oz Ay, 0 . B .

O, E&C + an =35 (rcos(0))0, + 0r<r sin(6))0, = cos(0)0d,, + sin(#)0,
Oz dy, 0 0 . B :

Oy %&T + %Gy 50 (rcos(0))0, + 50 (rsin(#))0, = —rsin(#)0, + r cos(#)0,
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One could also describe the coefficient functions of 9, and J, in cartesian coordinates. We do the

conversion (as we learned how to do in section 2.1.3) and get

0, =

Oy =

Now we can easily tell a computer to plot the polar coordinate basis vector fields 0, and Oy:
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As a demonstration, let’s use the expressions we got for 0, and Jy to relate the two velocity vectors
from the example at the beginning of this section:

p'(t) =2t0. + g
= 2t(cos(6(t))0, + sin(6(t))0,) + (—
= 2t(cos(t)0, + sin(t)0dy) +
= (2t cos(t) — (t* + 1) sin(t)
It works! This is the same velocity vector we got earlier by re-expressing the entire path in cartesian
coordinates and taking a derivative. Note that since this particular path has a simpler polar

expression, I used the version of the transformation law that has coefficient functions written in

terms of polar coordinates. That is, I made substitutions like dp = —rsin(#)d, + r cos(6)0, rather
than 0y = —20, + yo,.

r(t)sin(6(t))0, + r(t) cos(0(t))0,)
(—(#* + 1) sin(t)d, + (£ + 1) cos(t)d,)
)0y (2t sin(t) + (¢ + 1) cos(t))d,.

We have expressed 0, and 0y in terms of J, and 0,; now what about going the other way? Well we
could use the coordinate basis vector transformation law again,

or 00
% =520+ g%
or 00
@_@@+@%

but that requires thinking about the atan2 in 6(z,y). Actually it’s not that bad, because when you
take a derivative it behaves just like arctan(y/x), whose derivative you can look up. An alternative

approach is to take our expressions for J, and Jy in terms of d, and 9, and solve for J, and 0,. 1
will leave the answer as a homework problem.
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Transforming Vector Components Before ending this section, I want to write down the trans-
formation law in another way which can be more useful. When we wanted to rewrite v, 9, + vy Oy
(where we had specific coefficients in the place of v, and vy), we just replaced 0, and 9y by their
expressions in terms of 9, and 9,. Then we had four terms that needed to be shuffled around to get
something of the form v, 9, + v, 9,. In the end, we had converted the polar velocity components
(v, vp) to cartesian velocity components (v;,v,). We can do the shuffling around of those terms in
general, and then write down a transformation law that tells you how the components of velocity
change with a change of coordinates.

Suppose you have two coordinate systems x4, ...,z, and uq,...,u,. Suppose you have a vector-at-
a-point
n n
7=y o, = > "o,
j=1 j=1
and you want to know how the coefficients vf&), e ,v,(f) are related to the coefficients v%u), e ,UT(«LU).

Use the coordinate basis vector transformation law and shuffle things around:

S

7j=1 =1
= ( n )> O,
8uj
=1 7=1
Comparing with the expression
7=S "o,

and using the fact that the 0,, form a basis, we can equate coefficients:

O o
Z 8uj '

If you consider the vector components vz(x) and v](.u) to be the components of the velocity of a path,

then what we are writing down is actually just a manifestation of the chain rule! To see how, just

write ’Ui( ) as 4 and write v( ) as duj. Then the transformation rule we just wrote down is nothing

dt
but the chain rule, where the functlons involved are coordinates:

dt = an dt

Let’s box in our result:
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Transformation Law for Vector Components

Assume you have two coordinate systems uq,...,u, and x1,...,x,, and you have a vector ¢/
with components v%z), e ,vﬁf) and vﬁ“), e ,vnu) in the sense that
n n
U = ZU;I) O, = ZU](U) O -
j=1 j=1

Then the components are related as follows:

n
(@ _ N~ 9% )

=1 an

Here is a demonstration of the principle at work on the example from the beginning of this section:

We had the vector 2t 9, + 0y and we wanted to express it in cartesian coordinates. The components
are v, = 2t and vy = 1. We want the components v, and v, that fit into

260, + Oy = vy 0y + v, 0,

We also should know where this vector is located: since it arose as the velocity of the path
(r(t),0(t)) = (1> + 1,t), it is located at the point (r,0) = (¢t* + 1,¢). The transformation law
tells us v, and v, in terms of v, and vy:

o, o
T T
= cos(0)v, — rsin(f)vy
_ Oy Oy
Uy = E’UT + %1}9

= sin(#)v, + r cos(8)vy.

To apply this general rule to our specific vector 2t 9, + 0y, we put in the components v, = 2t and
vp = 1 and we also put in the fact that it is a vector-at-(r = t* + 1,0 = t):

v, = cos(t)(2t) — (% + 1) sin(t)(1) = 2t cos(t) — (t* + 1) sin(t)
v, = sin(t)(2t) + (2 4+ 1) cos(t)(1) = 2tsin(t) + (+* + 1) cos(t).

This agrees with our previous calculations.

2.2 Spaces

When faced with a system that you want to analyze, one of the first steps you take almost every
time is to choose coordinates. Think about the first sentence that begins a typical analysis:

“Let 0 denote the angle the pendulum string makes with the vertical line here. Now...”

“Let S, 5%, ...,5, be the stock prices...”
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“Let T be the temperature of the gas and let P be its pressure...”

We usually just think of this as “choosing variable names” or just “setting up notation.” But it is
often deeper than that— it is a choice of coordinates.

Remember how we defined coordinates? They are functions uy, us, ..., u, on a part of R” such that
each point 7 gets a unique name (u; (%), us(Z), ..., u,(Z)). Choosing variable names in the setup of
a problem often achieves the same thing, except instead of giving unique names to points in R" it
ends up giving names to the various possible states of a system. This is a more general notion of
coordinates than just having coordinates on R".

2.2.1 Examples of Coordinates on Abstract Spaces

In this section, we explore the more general notion of coordinates by looking at some examples.

A stick in the plane. Suppose you are interested in modeling the motion of a stick of fixed
length ¢ flying around in a two dimensional plane. Maybe you want to introduce some influences
such as gravity on the motion of the stick, but before you can even state laws that govern the stick’s
motion you need some mathematical way to represent the possible states of the stick. A natural
thing to do is to use (z,y) to represent the position of one end of the stick in the plane, and then
use an angle # to somehow represent the orientation of the stick.

L

)

What this amounts to is a choice of coordinates x,y, 6 on the space of stick configurations. Since
exactly three independent coordinates are needed to specify a unique configuration of the stick, we
say that the space of stick configurations is three dimensional. The coordinates x,y, 6 really are
functions, but on something abstract rather than on euclidean space— they are functions on the
space of stick configurations. The function z, for example, takes as an input a stick configuration—
not a number, not a list of numbers, not a matrix— it takes a stick configuration and it outputs the
x coordinate of that stick configuration, which is the cartesian x coordinate of one of the endpoints
of the stick. There were other ways to choose coordinates, for example you could track the midpoint
of the stick rather than one end of it:
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And there is some coordinate transformation that you could work out relating the two systems:
, l
¥ =x+ 3 cos(0)

Y =y+ gsin(é’)
0=40.

The coordinate systems x,y, 0 and z’,y’, 0 are giving us ways of treating the space of stick configu-
rations like a chunk of R3.

&
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With coordinates, we can describe functions and paths in the space of stick configurations. Let’s
look at some coordinate paths for fun. The 6 coordinate path in the x,y,# system starting from
some configuration (xg, 3o, ) is the path

x(t) xg
y@) | =1 %
0(t) O+t

This is a path through the space of stick configurations, so if we think of ¢ as time then it represents
a way for the stick to behave over time. We see the stick spinning around with one endpoint in
place.

’.4 ;9 Cmmﬂr}u{{, r)ﬂ."Hq
n He E%ge.f}\,'-(mrcl-'nﬂ[(
Jystem |

Note that this looks different from a 6 coordinate path in the 2’,v’, 0 system.
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This difference is due to the fact that coordinate paths are all about varying one coordinate while
holding the other coordinates fixed. What that looks like depends not only on the coordinate being
varied, but also one what the other coordinates are that get fixed.

The space of right circular cones. A right circular cone can be given by specifying its base
radius r and its height h.

This immediately imposes a coordinate system r, h on the space of all possible right circular cones.
It makes the space look like a chunk of R2.

o L
—

The coordinates r and h are functions on the space of cones. Input a cone into r, and it will output
for you the base radius of the cone. Since exactly two independent coordinates r and h are needed
to uniquely specify a cone, we say that the space of cones is two dimensional. It’s fun to think
about coordinate paths:
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Here’s an example of a function on the space of cones: volume. Volume V' is a function for which
the input would be a cone (a point in the space of cones) and for which the output would be its
numerical volume. In the r, k coordinate system, the volume function is given by V (r, h) = $7r?h.
It would look different in different coordinates.

You could describe a cone by its opening angle 6 and the length of its side ¢:

This gives some different coordinates on the space of cones, which you will play with in the home-
work.

The space of 20 pixel by 20 pixel grayscale images. A particular such image can be repre-
sented by giving the grayscale value of each of the 400 pixels. Let’s say that grayscale value ranges
continuously from 0 (white) to 1 (black). This is a choice of coordinates xy, s, ..., Z400, Where
the coordinate z; stands for the grayscale value of the i*® pixel (imagine labeling the pixels by the
numbers 1 to 400). Since a point in the space of all possible 20 x 20 images can be represented
uniquely by exactly 400 independent coordinates (z1, . .., Z400), We can say that the space of 20 x 20
images is a four hundred dimensional space. That sounds crazy the first time you say it, but it’s
not really that crazy to think about. A point in four hundred dimensional space is a simple thing
to imagine— just imagine one possible 20 x 20 grayscale image. A path in this space is literally an
animation! (If you interpret the parameter as time.) But it wouldn’t exactly be our usual notion of
animation, since each individual pixel value would have to vary smoothly in time. Some fun things
to think about: What do the coordinate paths look like? What are the level sets of coordinate
functions?
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A sphere. The points on a sphere form a space on which we can put coordinates. Note that I
am not talking about the space of all possible spheres like in the example with cones above. I am
talking about a space whose points are the points on one particular sphere. The unit sphere in R? is
the set of points (z,y, z) satisfying 22 + y? + 2% = 1. This specifies what the points are, but it does
not give coordinates! While it is true that each point on the sphere gets a unique name (z,y, z),
the z, y, and z values are not independent. Knowing the x and y values of a point on the sphere
almost pins down the z value completely (it leaves only up to two possible z values), so z,y, z does
not count as a coordinate system for the sphere. Here are two of the many possible ways to put
coordinates on a sphere:

The first is to draw inspiration from spherical coordinates, which are a coordinate system on R3.
Just forget about p (because it’s fixed at 1 throughout the unit sphere anyway) and use ¢ and ¢ to
specify points on the sphere.

The second is to just use z and y coordinates, and pick one of the two possible z coordinates. The
limitation is that we would only coordinatize half the sphere this way. But it does work for that
half at least.

No matter how we set up our coordinate system, one thing will always be true for the sphere: you
will need exactly two independent coordinates to uniquely specify a point on the sphere. Thus we
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say the sphere is two dimensional. 1t is living inside a three dimensional space, but it is itself two
dimensional.

The sphere is one example of a general way to form interesting spaces. The sphere is a certain level
set of the function f(x,y,2) = 22 +y?+ 2% on R3. Often it happens that you can form an interesting
space by taking a level set of a function and trying to put some coordinates on it.

You may have noticed that the previous examples of interesting spaces were all spaces in which the
points were “configurations” of something. Well, trivially you could think of points on a sphere
as the possible configurations of... a point on a sphere. More interestingly you could think of a
sphere as the space of “possible directions that one could point to in three dimensions.” Or, for a
mechanical example, the configurations of a Foucault pendulum can be represented as points of a
sphere.

The space of normal distributions. In probability theory, a normal distribution is a statistical

(@—p)?
distribution that has probability density —=e~ 207 , where 4 is the mean and o is the standard

deviation. In our description of space of all gaossible normal distributions, we have already imposed
some kind of coordinates p and o.
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Any finite dimensional vector space. Any vector space of dimension n has many possible
bases, each consisting of n linearly independent vectors. A particular choice of basis ey, es, ..., e,
provides a way to coordinatize the vector space as follows: Any vector v can be written uniquely
as a linear combination of the basis vectors:

U= T1€1 + 0+ Ty,

where x1,...,x, are scalars. Let the coordinates of v then be (xi,...,z,). The coordinates
x1,...,T, are functions on the vector space, where x; assigns to any vector the coefficient that
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appears in front of e; in the unique expansion of that vector as a linear combination of eq, ..., e,.

Actually, if you consider R" as a vector space and use the standard basis (the one consisting of
vectors that have a zero for each entry except one entry which is 1), then this process yields the
“default” cartesian coordinates.

2.2.2 Smooth Structure

This section is optional reading, containing material that you are not required to know for the
course.

Unlike R™ or chunks of R", the spaces we explored above were abstract spaces. There was not really
a way to do calculus on them until we put down specific coordinates. This is unlike R™, on which
we could immediately start doing calculus because its points are expressed in cartesian coordinates
by default.

When we defined coordinate systems on R", there was something hiding in the definition due to
the fact that it involved functions ug,...,u,. We agreed earlier that whenever we say “function”
in this course, we mean “smooth function.” That does include coordinate functions. But it’s not
clear what “smooth” means in many of the abstract examples described above.

Let’s use the space of cones as an example. We gave it coordinates r and h. These are functions in
that

r(a cone) = the radius of the cone’s base
h(a cone) = the height of the cone.

But what does it mean for a function to be smooth, or even just differentiable, when its inputs are
cones? How does one take a derivative with respect to... hmm... a cone-valued variable?

The answer is: we don’t, at least not until coordinates are in place in order to give that idea
meaning. For an abstract space that isn’t just some chunk of R" part of the construction of the
space has to include some coordinate systems on it. Instead of requiring that those coordinate
systems have smooth coordinate functions, which is initially a meaningless concept, we require that
the coordinate transformations from one coordinate system to another be smooth functions. Then
we define smoothness in terms of coordinates: we say that a function on the abstract space is
smooth if expressing it in any coordinate system yields an infinitely differentiable function.

So, for example, the volume function on the space of cones is smooth because if you express it in
r, h, coordinates and get V' (r,h) = %m’zh, then that is a smooth function in the traditional sense
(all its partial derivatives of all orders exist). The (r, h) coordinate system provides the space of
cones with a notion of “smooth function.” The same goes for paths. A path in the space of cones is
smooth if, when expressed as (r(t), h(t)), the functions r(¢) and h(t) are smooth in the traditional

sense.

This framework seems like it’s favoring one coordinate system above all others, but it’s not quite like
that. The volume function on the space of cones is also smooth if you look at it in terms of the 6, ¢
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coordinates (the opening angle and side length). That’s because it could be obtained from V (r, h)
by using a coordinate transformation, V(r(6,£),h(0,¢)), and because coordinate transformation
functions are always required to be smooth.

13

Requiring coordinate transformation functions to be smooth is a way of ensuring that there is “in-
ternal consistency” among coordinate systems with respect to the class of functions each coordinate
system considers to be smooth. All coordinate systems that are defined at a given point will either
agree or disagree together about the smoothness of any given function at the given point.

A batch of coordinate systems for which the coordinate transformation functions are smooth is called
a smooth structure, or an atlas. When an abstract space is equipped with a smooth structure, we
gain the ability to do calculus on it. That means we can do with the space everything we’ve done
so far with R™: we can talk about smooth functions on it, smooth paths in it, and smooth vector
fields. We can take velocities of paths, and we can take partial derivatives of functions with respect
to various coordinates. Coordinate systems are the bridge that joins concepts to calculations.

3 Derivatives

This part of the course will revisit derivatives of functions and paths using some of the fancier tools
that we now have. Our exploration in section 1 was very much focused on cartesian components.
We used cartesian coordinates to break things down, and then mostly just used ordinary calculus
to analyze the pieces. In section 1, a path was nothing more than a list of ordinary functions of
one variable, and a function on R" was nothing more than a function of multiple variables. But we
realized in section 2 that functions and paths are objects in their own right, which have different
expressions in terms of different coordinates. This section will provide a similar treatment for
derivatives of functions and paths— derivatives will be objects in their own right, with different
expressions in different coordinates.

3.1 Speed

This section begins the same way that section 1.5 begins (and in fact I am lazily copying and
pasting from there). Consider a path p(¢) in R"™. It will really help in this discussion to think of
t as time. Let’s focus on a particular t = t; and some later ¢t = tq + At. The vector difference
Ap = plto + At) — pl(to) is a vector that represents the step from p(ty) to pl(to + At).

Ap = plto + At) — plto)

plto + At)

Now imagine that At is very small, so small that the path looks straight.
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The vector Ap points pretty much in the direction that the path p(t) is traveling when t = ¢y, and
its length is the distance traversed during the time interval [to, to + At]. (End lazy-copy-paste.)

So the distance traversed during the time interval [to, to + At] is ||Ap]|. If we want to know how fast
the path p(t) happens to be traveling at time ¢ = ¢,, then we are interested in the limit of the ratio
Si‘:tjﬁfnf;ﬁiiiil in the limit as the time interval becomes arbitrarily short. In other words, the speed

of the path at t =t is given by

AR _ e+ A0 — At
At—0 At At—0 At

A scalar can always be pushed into a norm, so this is the same as

A
lim m = lim

1 = —
At—0 At At—0 || At (plto + A1) - p(t(]))H '

At

Since taking norm is a continuous operation (it’s just a square root with a bunch of adding and
squaring), the limit can be pushed inside the norm:

1Ap]
Atr—r>10 At

1 .
Jim. = (plto + At) = plto)) H :

What we are seeing inside the norm is exactly the thing we defined to be the velocity vector p”(ty)!

So
IAp]|

=
dm, 3 = Pl

We just discovered that the speed of a path is the norm of its velocity.

Velocity is a vector-at-a-point, so what does norm actually mean in this situation? It’s simple if
p(t) is expressed in cartesian coordinates. If the path p(t) = (z1(t), 22(t), ..., x,(t)) is in cartesian
coordinates, then its velocity is simply (2 (t),z5(t),..., 2 (t)), which we now know to write as

4 (£)0r, + 5(8) 0, + - + 2, ()0, The norm of this is \/((£))* + (25(1))* + - -+ + (a7,(¢))*.

This is probably all as you expected, but I want it to be clear that things only look like this because
we are using cartesian coordinates. The argument we made above required us to consider the length
of the displacement vector Ap. It is due to the pythagorean theorem that taking the square root
of the sum of the squares of the components of Ap gives the length of Ap. But the pythagorean
theorem only applies in cartesian coordinates! (Think about it. If you have two points in the
plane with polar coordinate differences Ar and A6, then is the squared distance between them
(Ar)? + (A6)?*? Certainly not!)

Summarizing:
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e [t is always true that speed is the norm of velocity.

e [t is not always true that the norm of velocity is simply the square root of the sum of the
squares of its components. This only works on cartesian components; that is, it only works if
the velocity vector was expressed in cartesian coordinates.

Speed of a Path

The speed of a path is the norm of its velocity. So if p(t) is a path in R", then its speed is
given by [[p”(to)]-

If the path is expressed in cartesian coordinates as p(t) = (x1(t), zo(t), ..., z,(t)), then its
speed is given by

21 (£)0ey + 25(8)ay + -+ + 2, (8)0s, || = V/ (@1 (£))% + (h(2))2 + - - + (2, (1))2

3.2 Norm and Dot Product for Vectors at a Point

In appendix A.2, you saw how dot products and norms work for vectors in R™. I never actually
told you how dot products and norms work for vectors-at-a-point. But the previous section made
it clear, at least for norms, that vectors-at-a-point should be treated in the same way as vectors
in R™... as long as they are written in cartesian coordinates. For example, the norm of a vector
v,0; + v,0, is \/vi +v7. The same should go for dot products. The dot product of v,0, + v,d,
and w,0, + wy0, is v,w, + v,w,. One way to encode this information is to just write down the dot
products of the coordinate basis vectors:

Dpey =1 0,0, =1 0y+ 0y =0

This information alone is sufficient to compute all dot products (and hence also all norms, since
|9] = V¥« ) for vectors-at-points in R?:

(V205 + V,0y) * (Wy0p + Wy0y) = VW4 O * O + VW, Oy + Oy + Vyw, Oy » Oy + vywy, Oy + O,
VW5 (1) + vpwy (0) + vyw, (0) 4+ vyw, (1)

UgWqy + VyWy

To write a nice, succinct definition of dot product for vectors-at-points, we will just state the dot
products of coordinate basis vectors.

Dot Product of Vectors in Cartesian Coordinates

If x1,x9,...,x, denote the cartesian coordinates on R", then:
0 ifi#y
Oni O, _{ 1 ifi=j.
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This information is enough for you to know how to take dot products (and hence also norms) of
all vectors-at-points in R™. It’s just a fancy way of saying “compute dot products the same way
you did in appendix A.2, but make sure to use cartesian coordinates when you do it.” It may seem
like overkill right now to phrase things in terms of coordinate basis vectors, but you will come to
appreciate it once we look at what happens in non-cartesian coordinates.

3.2.1 A Polar Example

In this little section we will take a path that has been written nicely in polar coordinates, and
we will ask: what is its speed?. We already know one way to answer such a question: convert to
cartesian coordinates and then use the approach we figured out it in section 3.1. But our goal here
will be to find a way to arrive at the answer in a “purely polar” way.

Consider the path p(t) in R? that is given in polar coordinates as

T(t) - Tro + t
o) | | bo+2t |
Here 7y and 6, are constants, and it’s easy to convince yourself that this path is some kind of

outward-going spiral starting at (r,0) = (rg, 6p). If you want to plot it, you might make use of an
expression of the path in cartesian coordinates:

{ (1) } _ { (ro + t) cos(by + 2t) } '

y(t) (ro + t) sin(0y + 2t)
The velocity vector is easy to write down in the original polar coordinates:
dp
=0, +20,
dt o

So is the speed of the path v/12 + 22 = /57 No! The velocity in cartesian coordinates is

£ = [cos(0y + 2t) — 2(rg + t) sin(By + 2t)] O, + [sin(Gy + 2t) + 2(ro + t) cos(bp + 2t)] 0y,
which tells us that the true speed of the path is

-

V[cos(6y 4 2t) — 2(r¢ + t) sin(fy + 2t)]2 + [sin(y + 2t) + 2(r¢ + t) cos(fy + 2t)]2

= \/0032(00 + 2t) + 4(ro + )2 sin® (0 + 2t) — 4(ro + t) sin(fy + 2t) cos(O + 2t)+

sin?(0y + 2t) + 4(ro + t)2 cos2(y + 2t) + 4(ro + t) sin(fy + 2t) cos(fy + 2t)
1+ 4(rg + 1)

The square root on the second line continues onto the third line. What a horrendous calculation!

47,40 There is a smarter way

All we were computing is the norm ‘ dp ’ which is the square root of

at || at " dt-
to break up this calculation before we bring in the cartesian coordinates:
dp' dp
O +20y)+ (0 +20
FTRRT, = (0r +20p) * (0r +20p)
=020, +40, 0y + 40y + Oy
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All we need to know is those three dot products: 0, +0,, 0, « 0y, and 0y + 9. We can use cartesian
coordinates to compute these three dot products once and for all, and then we will gain an awesome
ability forever: we will be able to get speeds of paths expressed in polar coordinates without having
to do anything with cartesian coordinates!

To compute the three dot products, write everything in terms of cartesian coordinate basis vectors,
as we learned to do in section 2.1.4:

O = g—f@x + %@, = cos(#)0, + sin()0,
Oy = %&C + %% = —rsin(0)0, + r cos(6)0,.

Then the dot products are readily computable:

O+ 0, = cos’(0) +sin*(0) =1
Oy + Og = —rsin(f) cos(#) + rsin(f) cos(d) =0
O+ 0p = r*sin®(0) + 72 cos*() = r?.

Now we can compute dot products of vectors written in polar coordinates!
(v, Oy + vg Og) * (w, Oy + Wy Og) = VW, + T2VewWy.

That r? is pretty interesting. If all you knew about your two vectors is that their components in
polar coordinates are v,,vy and w,,wy, then it is impossible for you to know their dot product.
You must also know where there vectors are located, because the value of the r coordinate at that
location figures into the dot product calculation! The way dot product works in polar coordinates
depends on where you are looking.

Let’s test drive the result on our example spiral path. The velocity of p(t) was 0, + 20y, and the
norm of this is

”87" + 289” - \/(ar +289> ° (87’ + 236)
= /0,0, +40, 0y + 40y + Oy
=V1+4r?

Remember that when we take the velocity of a path p(t) at a particular time ¢, we get a vector-at-
p(t). That tells us what to do with the r that appears at the end of the calculation:

dp
dt

= [0, + 204

=/1+4r(t)?
Ve (e

Yay, it’s the same speed we got from the horrendous calculation that used cartesian coordinates!
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3.2.2 Dot Products in Non-Cartesian Coordinates

At this point you are probably seeing that in order to compute dot products and norms in any
coordinates wuy, Uy, ..., u,, you just need to know the dot products 9, + 9,, of coordinate basis
vectors. To get those, we express coordinate basis vectors in terms of cartesian coordinates,

=N "Z%)
1 Tk
u.

k=1 Ou;

and then we take a cartesian-style dot product:

au- ° au - < amk aack> * ( axf 8$g>
‘ ! 811,1 8uj
k=1 (=1

8xk 6:@
- Z Z Ou; auj 89% * a:ve

Dot Products in Any Coordinate System

Let x1,...,x, be a cartesian coordinate system on R". Given any coordinate system
Uy, . .., U,, the dot products of the coordinate basis vectors are as follows:
ox k ox k
u, 8%1 8uj ’

So, for example, if you wanted to know the dot product of the spherical coordinate basis vectors d,

and 0y, then it would be
Oxdx Oydy 0z0z

9p00 " 9p06 " 0p00°

If you wanted to know the norm of d, then this would be

0,09 =

pf?p

3.2.3 Polar Example Picture

We saw in section 3.2.1 that the way dot product works for vectors written in polar coordinates
depends on where you are looking. If you had two vectors whose components in polar coordinates
are v, vg and w,,wy, then their dot product is

Uy Oy 4 09 Op) * (wy. Oy + wy Oy) = vyw, + rvgwy.
(

You need to fill in the value of the r coordinate for where those vectors are located.

69



It follows that the expression for norm in terms of components also depends on where you are
looking, as you can see by the appearance of r in the expression:

vy 0, 4 9 Og|| = v/ (vy Oy + 09 Dg) + (v Oy + Vg D) = 1/ V2 + r2vZ.

There is a nice pictorial explanation for the r there. Go back to the definition of speed as
S?;:f?gfﬂféﬁ‘ifﬁil in the limit as the time interval becomes arbitrarily short, and then try to use
polar coordinates to express the distance traversed. If the path p(t) is located at (rg,6p) at a cer-
tain time, and it travels to (ro + Ar, 0y + Af) after some time At, then what is the distance |Ap]|
that it has traversed? Draw the appropriate picture to see where to apply the pythagorean theorem
to answer this:

—_ ff&‘{;“.

Convince yourself that the legs of the right triangle in which |Ap]| is a hypotenuse have approximate
lengths of Ar and r9Af as displayed (with the approximation becoming exact in the limit At — 0).
Then | Ap|| is approximately /(A7) + (rgAf)?2, and the speed at which the path passes by (ro, 6p)

1S
A VA (A0 ArN? (A0
Am Ay T A At = Am\ar) Trolar
B ﬁ 2_'_ ) d_@ 2
AR o\q )

See the 7y appearing in there? You need to know the actual position of the path when it has velocity
% O, + j—f 0y in order to know its speed.

3.3 The Gradient ﬁf

Suggestion: review sections 1.3, 1.5.2, and 1.7.3 before reading this one.
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Let f(Z) denote a function on R", expressed in cartesian coordinates. Given a path p(t) = Z(t) in
cartesian coordinates, the chain rule gives us a way to express the rate of change of f(Z) along Z(t):

d_f(ﬁ(t))_ of dry  Of dxo 3_fda:n
at’ ) T At T on, dt o, dt

It’s a sum of products, built out of two lists of things: the partials of f and the components of the
velocity of Z(t). It’s a dot product!

d 8f af daq dz,,

I used coordinate basis vectors in the notation because we are already familiar with the vector on
right side: it is just the velocity Vector of the path. But what is the vector on the left side? It is

a new character in our story, and it deserves a name. We denote it by v f and call it the gradient

of f: of of
Vf a €T 8xn

The coefficients of the 9,, are functions on R"™ and not just scalars, so \Y f is not a single vector but

——Opy +---+ Oy, -

a vector field. You can think of V as an operator that turns a function f into a vector field \Y I

Definition of Gradient

Assume that f(xq,...,2,) is a function on R™ written in cartesian coordinates. Then the
gradient V f of f is defined to be the following vector field:

=, Of of
Vf a 8x1 6’%

oy + -+ + =B,

(Cartesian coordinates are important for this to work. Later we will see why.)

At each point Zy in R", the gradient of f gives us a specific vector-at-7y known as v f(&y). What
does it mean? In what direction is this vector pointing? And what is the meaning of its norm? The
rest of this section will explore these questions.

Example The function f(z,y) = z* + y? has the following gradient vector field:

5. Of of

Vf=-0,++

ou 0ot gy 00 =200+ 290,

Note that this is a vector field on R?. Here is a plot of v I
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3.3.1 Direction of ﬁf

Let’s try to understand the direction of “V f(,).”

Assume we've got a function f(Z) on R™ and a path p(t) = Z(¢) in R, both written in cartesian
coordinates, and assume that the path passes through the point Zy at £ = 0. Zoom in on the point
Zo and focus on the vector space of vectors-at-¥y. We currently have two vectors of interest living
there, the velocity of Z(¢) at ¢ = 0 and the gradient of f at #y. Let € denote the angle between
them.

g

It:a

The gradient vector v f(#y) was defined in the first place because it lets us express the chain rule
as a dot product:
= (V£(@)) - (— ) -
t=0 dt |,
In appendix A.2.3, we reasoned from
v 7 > . —_— g
(vs)- (.,

that the dot product is the largest it can be when 6 = 0, i.e. when the vectors V f (Zy) and % |t=0
are perfectly aligned in the same direction. So if we fix the speed H i—f |t:0” at which the path passes

d .
()

=

¥ 1) H <2l costo)

t=0
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through 7y, the direction in which the path should travel in order to maximize the dot product is
the direction of V f(#y). In other words, of all paths starting at &, that have a given speed, the
ones that head in the V f (i) direction are the ones for which L f(Z(t)) |i=o is maximized. This is
telling us exactly what the direction of V f (o) means: it is the direction along which f(Z) increases
the fastest, starting from xg.

g - s — 3 | T .
i ”:'-. 35 +--:l.r "!l.'-"r.| T™vVom KXo {'.'.'ﬂli s Ele direc Hon
=Ly / . o
vjkiﬂ}j ln baMicla “4 Tl et fd ool fo 'i'-'n.,w:-{
J. E‘C‘ mest -;.-;-L.'f klg expef IR am AL Taye
- :

2 b Saliuas o ¥
Lo

There is a second way in which we can use our understanding of the dot product to describe the
directionality of V f (o). Suppose that a path Z(t) is passing through #y at ¢ = 0, but assume also
that Z(t) stays within the level set of f that contains Z;. This means that f(Z(t)) is a constant,
and that i—f always points in a direction tangent to the level set of f.

1

-
R

!

é..._l-——-—-—"—'—'__‘ fl-ehpcnirﬂ- -ﬂi::?: X (0)

Since f(Z(t)) is a constant, its derivative % f(#(¢)) must be 0. The chain rule then says:

dt
d > dz
SIED) r@)- (5 )

A vanishing dot product can only mean one thing: orthogonality! This is telling us that v f(#y) is
orthogonal to i—f lt=0. This holds whenever Z(t) is a path passing through &, that stays within the
level set of f. Every single vector tangent to the level set of f at & is the velocity some such path.

So this is telling us that V f(&)) is orthogonal to every vector that is tangent to the level set of f
at Zp. In short, the vector V f(Zy) is orthogonal to the level set of f at 7.

t=0
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The pictures are showing you what things look like in the case of R3, but this stuff works in R™.
The concepts of orthogonality and tangency work in the same way, even though the pictures are
harder to draw.

Example Again consider the function f(z,y) = 2 + y?, which has v f =220, +2y0,. At the
specific point (2,0), we have Vf(2,0) = 48,. This is telling you that if you start from the point
(2,0) in R?, then the 9, direction is the correct direction to start traveling if you want to experience
the fastest possible increase in the values of f. We saw from the plot of v f that it just points
radially outward at each point. This is telling you that no matter where you start, you should
travel directly away from the origin if you want to experience the fastest possible increase in the
values of f. The graph of f(z,y) should make this fact pretty obvious.

graph of
flz,y) =2 +y°

\ \ LA
\k‘\dy " The vector field V f is pointing

radially outward, reflecting the
obvious fact that one should

vary the input to f radially outward
from any point in order to observe
the fastest possible increase in its
output.

the vector field Vf — =

(which is supposed to be a vector

&t
- “ L ~ .
field in R? but I am displaying it \ A?/ '/ X /
. 2

in the x-y plane of R? to show .
both the graph of f and its gradient N y
in the same picture)

You can also see that V f is orthogonal to the level sets.
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f(x,y)=2

Another Example Now consider the function f(z,y, z) = 22 +y2 + 22. Just like in the previous
example, f(Z) is the squared distance of ¥ from the origin— it’s just defined on R? this time,
rather than R2 Its level sets are spheres of various radii. The gradient vector field is v f =
220, + 2y 0, + 22 0, and this points radially outward. “Radially outward” is indeed the direction
in which one should travel to most quickly increase the output of f. And the gradient vectors
pointing radially outward are indeed orthogonal to the level sets, which are spheres centered at the
origin.

Summarizing our understanding of the direction of v f:
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The Direction of ﬁf

Let f(Z) be a function on R” and let Z, be a point in R™ where it is defined. Then V f(Z)
is a vector-at-ry which points...

e in the direction along which f(Z) increases the fastest, if one started from 7.

e in the direction orthogonal to all directions in which f(Z) stays constant, i.e. in the
direction orthogonal to the level set of f at 7.

These ideas in the summary box are not dependent on coordinates— they are valid geometric facts
no matter what coordinates one uses to express them. The only coordinate-dependent thing we've
used so far is the method for actually computing \Y f by simply working out ;—gflﬁxl +- af 32 On,,
which requires cartesian coordinates.

3.3.2 Directional Derivatives

We saw in section 1.5.2 that the derivative & f(Z(t)) tells us the rate of change of of the function
f(Z) along the path p(t) = Z(t). This is a quantlty that scales with the speed ||9Z|| of the path— if
the path Z(t) goes twice as fast, then the values of f(Z(¢)) will be observed to change twice as fast.
Let’s try to cancel this effect by dividing out the speed of the path:

H(E(0)
N

To help us think about what this is, let’s assume that Z(0) = Z and consider the passage of a small
amount of time At¢. The function f changes by some amount Af = f(Z(A(t)) — f(Zo) and the path
is displaced by some vector AZ = Z(At) — Zy. Now the expression we built above can be described

as follows:
%f(f(t)) =0 i (Z(1)) |i= oAt Af

15 <ol [Tl A0 T
with the approximation becoming exact in the limit At — 0. This is giving us the amount of increase
in f per unit distance, rather than per unit ¢. Specifically, it’s giving us the rate of change of f per
unit distance travelled from ¥, along the direction 4z . Tt’s called a directional derivative, and

dt |t:
the chain rule tells us how to compute it without having to explicitly combine f(Z) and Z(¢):

lim Af %f(?(t)) li=0 _ ; (ﬁf(fo)> . <d_f tzo) '

= d d
Ao | AZ] 15 Ti=oll 15 Ti=ol] de
The quantity we just wrote down is the directional derivative of f at the point Ty in the direction
of & 0 li=o- The choice of dlrectlon |t o can just as well be specified by a vector-at-Zy rather than
a path-passing-through-7,. Here is the full definition in these terms:
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Directional Derivatives

The directional derivative of f(¥) at ¥y in the direction ¢ is denoted by Dir(f, Zo, ¥) and it
can be computed as follows:

Dir(f, o, 7) = HTEH (W(fo)) .7,

It gives the rate of increase in f per unit distance travelled from 7, along the direction .

Usually you would just use a unit vector for ¢ so that the directional derivative simply becomes

(V1) o

Example This example will be a repeat of the example at the end of section 1.5.2. Let f(x,y) =
2?4+ y? and let Z(t) = (t+1,t — 1). In section 1.5.2, we computed explicitly that $ f(Z(?)) |=1= 4.
Later in section 1.7.3, we got the same answer using the chain rule, which we would now express as
follows:

%f(f(t)) 1 = VF(E(1)) - (&7(1))
= Vf(2,0)+ (8, + 9,)
= (220, +2y 8y)|(2,0) *(0: +9y)

= (40,) (0, + 0y)
= 4.

We interpreted this number 4 as the rate of change of f(x,y) if one considers values of f(x,y) near
Z(1) = (2,0) and in the direction of the path, which is £'(1) = 0, + 0,. But 4 is not quite the
directional derivative! The directional derivative of f(x,y) at (2,0) in the direction 0, + 0, is:

L
10 + 9, |
1
- T (48,)- (9, + 8,)
4

7

The difference is that the true directional derivative of f, which is iz, tells us about how f changes

Dir(f, (2,0),0, + 9,) = V£(2.0)- (9, + )

per unit distance of change in its input, whereas the quantity % f(Z(t)) |4=1, which is 4, tells us
about how f changes per unit change in .
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The slope of this ) [slope here is

line is: L @) e
Dir(f, #(1), 7(1)) o —4

\ ,\2 ‘:E(t), sitting in the ‘ ‘ ‘ ‘
2 y -2 -1 0 1 2 t

x-y-plane

Let me say all that again with a physical example in mind: If f(x,y) represents the elevation of
a terrain over longitude and latitude coordinates (x,y), and if Z(¢) represents the path you take
through the terrain on your hike, then & f(5(t)) [;=1= 4 is your rate of ascent per unit time at time
t = 1. This rate of ascent is related to both how fast you happened to be hiking and how steep
the terrain (the graph of f(z,y)) is in the direction you happen to be going at t = 1 (which is
the direction p’(1) = (1,1)). The actual steepness of the terrain in that direction is given by the

directional derivative Dir(f,Z(1),2Z'(1)) = \%.

3.3.3 Norm of Vf

We understand the direction of V f, but what about its norm? Actually, ‘ v f H arises as a particular

case of a directional derivative:

Dir(f, Zo, ﬁf(fo)) =

. We already

The rate of change of f starting from #, along the direction of V f (Zo) is Hﬁ f (:i"o)‘

identified the direction of V f(&Z) as the direction in which the rate of change of f is maximized.
So Hﬁf(fo)H is the rate of change of f in the direction along which the rate of change of f is

maximized. We could have also spotted this directly from the chain rule. If #(¢) is chosen to be a
path that starts at ¥y and travels with unit speed in the direction of V f(Zy), then

- <ﬁf(fo)> . (i_f t_o) —

cos(0) = Hﬁf(fo)H :

% FED) V@) H % .

t=0
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Norm of ﬁf

The number Hﬁ f (fO)H is the rate of change of f in the direction along which the rate of

change of f is maximized. It is the fastest rate of increase of f that can be experienced by
starting from &y and traveling in some direction. (And the direction that lets you experience

it is Vf(Z).)

In terms of the graph of f, the gradient vector \Y, f points in the direction of steepest ascent, and
its magnitude tells you the slope in that direction.

Example Again let f(z,y) = 2? + y*. The gradient 2z 9, + 2y 9, points radially outward and it
has norm

Hﬁf“ = \/(2m8x+2y8y)-(2x8$+2y8y) = 42 4 4y? = 2¢/22 + 2.

At a particular point like (3,4), this is telling you that, considering all the directions one could
choose to head away from (3,4), the maximum rate of increase of f that could be observed is

V(3. 4)‘ = 2¢/32 4+ 42, If you look at 21/x2 + y? in polar coordinates then it is very easy to see

what it is saying:

HﬁfH = 2r.

This is telling us that the maximum slope of f(z,y) (which we know is the slope in the radial
direction because Vf is always pointing radially outward) increases as you get further from the
origin. This is obvious from the graph of f(z,y) = z* + .

3.3.4 ﬁf in Non-Cartesian Coordinates

Given a function f(z,y) written in cartesian coordinates, we defined the gradient of f to be the
vector that gets dotted with velocity in the chain rule:

CHa@) = 1 m ] FOa Y00
SHe0.p) = [ B e, i)

GO0 = [ Fi6mam) ] - PO+,

That’s why v f= %&6 + g—iay. If f is expressed in polar coordinates as f(r, ) and you have a path
r(t),0(t), then the chain rule works in a similar way:

d of ,
(0,00 = S (0)+ Lo (0.
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The chain rule, which doesn’t know or care about coordinates, still gives you a sum of products.
It looks something like a dot product, so you might guess that V f = af L0, + af 509, but watch how
that fails:

of . of , , of Of yny . O of ,
{6 Or +808"} [r'(t) 0, + 0'(t) Op) = o ' (t) Oy« Oy +(ar <t)+69 ()) O+ 89+89 '(t) Op + Op
_9f 20/
= L)+ 02250 ),
which is not the same as & f(r(t),0(t)) = gfr’( )+ 8f9’( t)! There’s an extra r? showing up because
Oy + 09 = r?. We can make things work by introducing a - 1 to cancel it:
of 1 of / /
{araT—i- ()28986] [r(t)@r+9(t)89]
_9f of 1 af , 1 af,
= ar?” (t)ar 0, + (are (t) ( )2 89 (t)) O, * O + ( )2 8(90( )89 Op
_of af
= 5,7 () + 550 (1)

And now it works! Now that we have

F000) = |Formmal - oo tewal

we have found a vector field that is written in polar coordinates and that is worthy of the name
“oradient of f7:
0 10
of , . L0f

ar r2 96
Instead of guessing the wrong thing and then awkwardly trying to fix it, we could have also discov-
ered this formula by using the vector transformation laws. In an earlier homework problem, you
used the transformation law to compute expressions for 9, and 9, in terms of J, and 0p. Start-

ing with the expression we know for v f in cartesian coordinates and then substituting in those
expressions from the homework problem, we get:

=, Of of
Vf= (%ca +(‘9y

ﬁf Op.

Oy

_of x Y aof Yy x
- Ox (w/xQ—f—y?ar x2+y289>+8y (m&"+x2+yza@>
=5 (o o) g, (o o)
of  of af  of
_r(8x+y6>a+_(8y y@x)8

This is certainly working to give us an expression for v f in polar coordinates, but the partials

g£ and 2L y are showing up, so this formula assumes that f was written in cartesian coordinates to

start with. To get something involving % and % instead, we can assume that f was written in
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polar coordinates as f(r,0) and we can use the chain rule on f(r(x,y),f0(x,y)). Continuing the

calculation:
1/ 0f Of of of
r( Ox +y8y) O+ ( oy yax) %
1 of or  Of 96 of or  0f 00
_7“( <8r(’9x+86(9x>+y(87‘3y+898y)> O +
i of or , 0f o9 of or , 0f 90\ ,
oroy 00 ay or oz 90 oz o

(&
21(< gr”ay)aaf ( 32 )

Vf=

1 or or f
2 (( dy yax) y(’?x) 89) %
Now compute certain pieces of this expression:
or or x Yy B \/ﬁ B
x%+ya—y—x\/x2+y2+y\/x2+y2— rrt+y =r
8«9 00 Y x
" ox +y0y Ty +y932+y2 =Y
87“ or Y B x _0
8y ~Vor T x\/x2+y2 y\/x2+y2 -
89 ol x Y

=1.

/
ot )39)8+
T
a oy “or) o8
of  of
z(0F 05

+
8y y@x xa:2+y2 y:):2+y2

And finally we can finish the calculation:
- 1 or or
e (G (
1 87“
2 a. y
_1 of f
— (0o ae) 0, +

of 10f
= 200+ 50 0.

Great, we got the same answer. There’s a general formula lurking behind this calculation, which
could give us an expression for the gradient of a function in any coordinates. But as you might
guess from the example calculation, the formula is not very pretty:

- & (‘9uk a’LLj
v azl [Z Ou, Ll a_9[‘11({)_9["1” P

Example Let’s revisit the function f(z,y) = z* + 3* from all our earlier examples. In polar
coordinates, the same function can be written as f(r,) = r>. Now we have a way to get the
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gradient without ever having to switch back to cartesian coordinates:

> 0 10
L PUEL);

or 09 =2r 8T.

And we see again that it is pointing radially outward everywhere. Its norm is given by
|9 1] = h2r ol = 2r 0.1 =2,
which is the same answer we got earlier using cartesian coordinates.
Another Example Here is a fun one: What is vo? Remember, the symbol for the coordinate 6

actually stands for the function that assigns to points in R? their # coordinates. In polar coordinates
this is a very simple function to write down: 6(r,8) = 6. It has a pretty cool graph:

We have 22 = 0 and & =1, so
r 00 )

0O
- 00 1 00
VO=5. 0+ 555 %
1
— 7"_2 69.

The fact that V@ points in the dy direction is telling us the following fact: Starting from any point
in the plane, if you want to increase your theta coordinate as fast as possible then you should head
in the 0y direction. It sounds really obvious, but just wait until the next example! The norm of \Y
is also interesting:

This is telling us that the maximum rate of change of # coordinate (which can be achieved by
traveling in the Jy direction) is inversely proportional to the distance from the origin. In other
words: If you are very close to the origin, then you can achieve very rapid changes in # with only
tiny movements. Makes sense, right? This should also be evident from the graph of 6 above.

- 1 1 1
Vol = | 205l = = o) = =
00| = 5 %] = ~
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Another Example Let’s try working with a different set of coordinates:

v=1y Yy = .

This is a coordinate system on R?, and it’s very similar to the default cartesian coordinates. But it
distorts angles and lengths so it’s a little different, with the differences becoming apparent once we
consider dot products. Since the gradient is defined in terms of its role in a dot product, it will also
look very different in these coordinates. First, have a look at the coordinate grid. Convince yourself
that the picture makes sense (this is just an application of the techniques from section 2.1.2).

i “
: 1
-x B, W . W
e *, - Y b ;
™ \\ ' “, N -
e __\T\ —— T N, =
NN ™.,
i __q_‘;\_ N v=|
4‘ N _q———"\—'r Y
.
e : S— K
\ * ™ NN
_ _l‘\.\....\_.._ — b \ g S = |
\\_ ™, \ .
N _.\.‘. . . - — \-\._ : v ==2
"w‘ Y \x
— —-—\—\ ._ Y . N . e - — 'V_ =4
S, Ay
\ \ _\
\ Ly
\k { ’ {L
{’. éf\ L
N
C * -
b )
o

If we had a function f(u,v) on R? that was expressed in u,v coordinates, it might be nice to know
how to take its gradient without having to go through z,y coordinates. Here is the formula:

01, 8] 5, [2, 0],

Vf{a v du ' v

Just accept this formula— we are only interested in interpreting the results here. This says in
particular that Vu = 20, + 9, and Vv = 9, + 9,. You could have gotten this information by going
through z,y coordinates: First use v = x + y to get Vu = 9, + 9,, and then use 0, = 8“(9 + ‘%8

and 0, = g—gau + g—;@v to rewrite Vu = 0, + 0, in terms of 0, and Op. (Try this calculation and
make sure you correctly get Vu = 20, + 0, and Vo = Ou + Oy.)

What is Vu = 28, + 9, telling us? It’s saying that if you start at some point in R? and you want
to increase your u coordinate as fast as possible, then you should head in the 20, + 0, direction.
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Surprised? You might have expected that the best way to increase your uw coordinate as fast as
possible is to head in the 9, direction. But no! That’s not really what 0, means. Remember, 0, is
supposed to point in the direction that you should travel to increase your u coordinate while keeping
all other coordinates (i.e. your v coordinate) fixed. In this situation, “increasing u while holding v
fixed” is not achieved by the same direction as “increasing u as quickly as possible.” Look:

\ \
RN W e \\\ e y
a — P -~
e —\—H'— _.\ A4 .S V‘I:._.. ﬁu e v 2
i “,
i b, - —— v =\
BANANEANEANS A o -
N - 5 s
K —= X
\\\ %, Y ",
——— <
W, .
Y iy \..__ I. __ﬂ:l
— - . | Y \ S
.\\
\ ¢,
\t' ‘ £
L i
{ ..-\
! o ..f
by

Here I have picked some point at random and shown four vectors at that point:

au = ax7
Oy = 0y — Oy,

-

Vu =20, + 0, =0, + 0,, and
Vo =38, +8, =0,

See how the red vectors point along the coordinate paths? For example 0, is pointing in the
direction that one would travel to increase their u coordinate while keeping their v coordinate fixed.
To understand the direction of the green vectors, ask yourself: which way should I travel to increase
my u coordinate as fast as possible? You would probably want to go directly towards the next
higher level set for u, right? So you would want to travel orthogonally to the level set you are on,
and this is why Vu looks the way it does. Similarly, notice that Vo is orthogonal to level sets for v.
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Gradient in Cylindrical and Spherical Coordinates Since the calculation for what a gradient
looks like in different coordinates is not so fun, it is useful to have the result handy for commonly
used coordinate systems. For cylindrical coordinates on R? we have

- 0 af 10 af af
Vf= o O+ — 250 Op + == 97 0.
For spherical coordinates on R? we have
- . Of 1 of 19f
Vi= dp O + p?sin?(¢) 00 % + 200 %-

Summary: Gradient in Any Coordinate System

The gradient of a function f(us,us,...,u,), which could be expressed in any coordinates, is
defined to be whatever vector field fills the blank in the statement of the chain rule:

d (@) = whatever fits here|  da
dt ~ |is called “V f” dt -

One way to compute v f is to first convert f to cartesian coordinates, where the formula for
gradient is the simplest:
af of

oz,

Then if you want it in different coordlnates, just use the vector transformation law to rewrite
this expression. If you don’t want to have to go through cartesian coordinates every time
you compute a gradient, then you can use the vector transformation law and some chain rule
to derive a general formula. Here are general formulas in terms of polar, cylindrical, and
spherical coordinates:

Vf= 8361 +--- 4

By, .

Vf(r,0) = gfa + 122£ Dy
V£(r,0,2) = gfa + 12%6 + 8fa
of 1 of, 10f
Vie.8:9) = 2t Fanp o0 T Fog”
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There are much more efficient ways to get these gradient formulas, and we do not have time to
cover them in this short summer course. Mainly I just expect you to know what these forumulas
mean and how to use them— I will not ask you to derive them yourself.

3.3.5 The Notation for Coordinate Basis Vectors

This section is optional reading, in case you are curious as to why the notation 0, for a coordinate
basis vector looks like a partial derivative symbol.

The reason is directional derivatives. The main thing that we do with vectors-at-points is to use
them alongside functions in order to get the rate of change of a function along a certain direction.
If you think of coordinate basis vectors like 0, as though they were partial derivative operators like
“8%,” then they end up fitting together with functions in just the right way to give you directional
derivatives. This is why the vector 0, has a partial symbol in its notation. Let me demonstrate

with a couple of examples.

Example 1 Suppose you wanted to know the rate of change of a function f(z,y) along the
direction 0,. This would be the partial derivartive g—i. You can get this by viewing 0, as a partial

. . .. . . )
derivative operator %, and then combining it with f(x,y) to get 8—;:.

Example 2 Suppose you wanted to know the rate of change of f(x,y) along the direction 29, —
30,. Then you would dot the vector 2 9, — 30, with the gradient V f:

of of
(% 0t 5 ay> - (20, — 30,)

(Here we are assuming that z,y are cartesian coordinates.) You would also want to divide by the
norm of 2 9, — 30, in order to get a true directional derivative, but let’s ignore that for the purpose
of this discussion. When you work out the dot product you get

It is just as though we took the partial derivative “operator” 28% — 38% and then you “applied”
it to the function f. The notation v = 20, — 30, is meant to remind you that taking directional
derivatives in the ¢ direction involves an application of the 26% — 38% operator (and also dividing
by the norm of ¥ if you want a true directional deriavtive).

Example 3 Suppose that f(r,0) is given to you in polar coordinates, and you want to know the
rate of change of f along the direction 0, + 2 09y. Then you would dot the vector 0, + 2 dp with the

gradient v f:
of 1of

(E 87""_ ﬁ% a@) '(ar +269)
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When you work out the dot product you get

It is the same as applying the partial derivative operator % + 2% to the function f, and this is why
the vector 0, + 2 0y is written the way it is.

Other notations for coordinate basis vectors If you are a physics or engineering student,
you may very well see coordinate basis vectors written with some other notation:

e 1, 7, and k are sometimes used in place of 9,, 0y, and 0,. This notation is only used to talk
about cartesian coordinates. It’s inspired by quaternions, which provide an alternative way
to do vector algebra.

e Sometimes 4 is used as a normalized version of d,. So for example & and § can be used in
place of 0, and 0,. And 7 is used in place of 0, in polar coordinates... but be careful with Jp!

Since 6 is supposed to be normalized, the relationship is 6 = %89. This is because |0p|| = .

e There are plenty of other notations that people use for the normalized version of 9,. Ones
that I've seen include a boldface u, or e,, or é,, or €, or ey.

3.4 The Derivative of a Function F(Z)

We've considered two kinds of derivatives so far: derivatives of paths (velocities) and derivatives of
functions (gradients). This section considers the case of a function F (&) that has both multiple vari-
ables and multiple components. We've already worked with one such kind of function: a coordinate
transformation. For example, you can think of the polar-to-cartesian coordinate transformation as
a single function of two variables (r and #) and with two outputs (x and y):

= | x(r,0) | | rcos(8)

F(r,0) = [ y(r,0) } N [ rsin(f) |’
But a function of multiple variables with multiple components does not have to be a coordinate
transformation. In fact, in this section we will not think too much about coordinates— just consider

functions as machines into which a list of numbers goes in and a list of numbers comes out. We
will form pictures by just imagining that everything is in cartesian coordinates.

The functions F (Z) of this section take points to points. If you are considering a function of n
variables with m components

Fl(ZL'l, e ,J]n)
F(7) = : :
Fo(zy, ... x,)

then the way to think about it in this section is that whenever you input a point of R™ into ﬁ, it
outputs a point of R™. Do not confuse the functions F'(Z) of this section with vector fields. When
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you input a point into a vector field, you get a vector at that point. When you input a point into
the kind of function we are talking about here, you get another point”.

3.4.1 Defining the Derivative of F(7)

The idea of a derivative is that it’s supposed to capture the way in which a function’s output
responds to changes in its input. In the case of a function of n variables, the inputs are coming
from the space R™ and there are therefore many directions in which one could change an input. In
the case of a function with m components, the outputs land in the space R™ and there are therefore
many directions in which an output can change in response to a change in input. This gives us the
following clue about the derivative of a function of n variables with m components: whatever the
derivative is, it should be an object that can be given a direction and amount of input change, and
that outputs a direction and amount of output change.

. :_‘rsi'
REPAE jj pas )
in (R — — inlR

cen $ive Aesu
" E:Hr: 7 GFWFI_-'- - Cl'nav,:iz 1
Jﬂi'?'-“"'fﬂ o‘,r.‘f];lr.-d- d}
FE) E®)

To begin our exploration of this idea, we need a way of describing a changing input. We can use
paths for this. Think of a path Z(t) starting at Z(0) = & as a particular way of varying the input
to a function F(Z). To look at how the function responds, we consider the outputs F(#(t)) that it
gives along the path. This is another path, this time starting at F (Zo). The path F (Z(t)) is the path
of outputs of F that corresponds to the path of inputs Z(t). If F (Z) is a function of n variables with
m components, then it turns paths Z(¢) in R™ into paths F(Z(t)) in R™. Somehow, the derivative
of F will have to relate paths of inputs to paths of outputs. Let us look at an example of how
functions can affect paths.

Consider the following function of 2 variables with 2 components:

= 202 —ay + 1
F(l’,y) = { _(x+2)2*y/8 :|

First, think about the type of the function: it takes points in R? to points in R?. So it also takes
paths in R? to paths in R?. For example consider the path

. x(t) -2+t
z(t) = = .
Q {y(t)} {—8+t}
"If I did want to express that F(Z) stood for a vector field, then I would write F(Z) = Fy(Z)0y, + - - - + Fp(%)0s,

Oh, and note that for vector fields one is forced to have n = m (the number of components of the output must equal
the number of components of the input).
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This path starts at @y = (—2, —8) and heads off in the 0, + 0, direction in a straight line.

Imagine that you are starting by inputting (—2, —8) into F' to get F(—2, —8) = (=7,0), and then
you change the input along the path Z(¢). The output changes according to the path:

Fla(t),y() = | 22+ t)? :t(Q—_?_Stg)/(s—s +1)+1

which looks like

To get information about what is happening near ¥y only, we examine what happens to the initial
velocity of the path:
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We calculate the initial velocity of F(i(t)) to be

d _ d 2(=24+1)2 — (=2+t)(—-8+1t)+1

n =0 F'((t),y(t)) = O =0 ( ) _t(2(8+t))/(8 )
=[A(-2+1t) = (—2+1t) — (—8+1)] 0, + [-27 /B 4 Llog(2)t27BH0/8] 9, |,
= 2] 0, + [-2] 0,

This tells us that if you start from #, = (—2,—8) and change the input in the 9, + 0, direction,
then you can expect the output to change in the [2] 0, + [—2] 0, direction. Okay, but that was just
one path. To get an overall view of how F responds to input variations near &y, we need to do the
above calculation for all possible paths that start at .

Let me start with a picture instead of a calculation. Let’s take a bunch paths heading off from
Ty = (=2, —8) and heading off in various directions, and then look at what F' does to them:

Okay it’s kind of hard to see which paths go to which paths, so let me color them:
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It looks like F (Z) has the effect of rotating paths by 90° clockwise, at least near #;. The picture
gives us even more information if we look not only at the direction of the response of F (Z), but also
at the magnitude of the response. The arrows I included in these plots are the initial velocities of
the paths. By looking at the initial velocities, you can see that in addition to rotating paths, F (Z)
also has the effect of making them run roughly twice as fast. Summarizing our observations: If
you change the input to ﬁ(f) starting from Ty, then the output responds by changing twice as fast
and in a direction 90° clockwise from the direction in which you changed the input. This statement
is what the derivative of F(Z) should capture.

Let’s now establish the statement by a formal calculation. If Z(t) is any path starting at Zy =
(—2, —8), say with initial velocity Z’(t) = v,0, + v,0,, then the path F(Z(t)) has initial velocity

4, . Fi(x(t), (1))
at =0 FE®) = le=o { Fy(x(t), y(1)) ]

=& 1o RBewaw)] o+ 5o BE0.90) 8

B or or or, 0Fy
= {ax |20 Ve + By |z Uy} Oy + {@LE |20 Ve + y |z Uy} Oy

We used the chain rule in the last step. In order to finish the calculation we need certain partial
derivatives:

O — Yy —y L= g
Ok s o 1 —y/8
G2 =-27Y a—;:§log(2)(x+2)2 vie,

Evaluating at ¥y = (-2, —8), we get

% |f(): 0 ? |i'0: 2
a_xz |ff'0: —2 a_yQ |50: 0.

Now we finish the calculation:

d

3 =0 F(Z(t)) = 20, 8, — 20, 0.
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What we have found is that if you change the input to F (Z) starting from #p with an initial
velocity v,0, + v,0,, then the output responds by changing along a path starting from ﬁ(fo) with
initial velocity 2v,0, — 2v,0,. If you focus on just what is happening to velocity components,
the transformation (v,,v,) — (2v,, —2v,) can be described in terms of a matrix acting on column

vectors:
0 2 v || 20y
-2 0 vy || 20, |

Let me repeat our summary of observations from above: If you change the input to F (Z) starting
from Xy, then the output responds by changing twice as fast and in a direction 90° clockwise from

-2 0
exactly! Its action on vectors is to scale them by 2 and rotate them 90° clockwise. In other words

the direction wn which you changed the input. The matrix [ 0 } encodes this information

. 2 = o » - -
the matrix { _g 0 } represents what F' does to initial velocities at Ty. This is what we call the

deriative of F at . Finally, a definition:

Definition of Derivative

Given a function F (&) of n variables with m components, its derivative at a point Z is an
m X n matrix DF(Z) that does the following to column vectors:

column vector of compo- column vector of compo-
DF(Zy) |[nents of initial velocity of a| = |nents of initial velocity of
path Z(t) of inputs the path F(Z(t)) of outputs

Writing the same thing out symbolically, DF' can be described as follows: Given a path Z(t)
of inputs to F' that starts at some point 7y with some initial velocity v, the initial velocity of
the path of outputs F'(Z(t)) is the result of applying the matrix DF(Zy) to ¥

d = — —
7 li=o F(¥(t)) = DF (%)(D).

Without evaluating at a specific point 7y, the derivative DF of F (Z) is a matrix-valued
function on R™.

. .

What we just found in our example is that

DF(~2,—8) = [ e ] .

If we want to know DF at any Z, then we look at the initial velocity of F(Z(t)) when Z(t) starts at
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some unspecified (z,y) and has initial velocity v,0, + v,0,:

s Pl = § 1o [ RO ]
- (& me0.w0)] 0.+ [ 100 B0 o
= [%vx %—Zlvy] Ox {%%JF%_%%] Oy-

OF, + leJay OF + IF>

Thg transformation (v, vy) = (G ve + vy, G20 + G20y
acting on column vectors as follows:

o OF

dx 0 Uz | _

@91‘% v -
Yy

ox By

) can be described in terms of a matrix

OFs OFs
ox Uz + Oy Uy

Thus the derivative of F at 7 is the following matrix-valued function:

[«m OF

861? aa_lgl —[430_%1 _g]-
52 B2 —27v/8 Llog(2)(x + 2)27v/

We'’ve actually just found a general formula for computing derivatives.

Computing Derivatives

Given a function F (Z) of n variables with m components, its derivative is the following [m x n
matrix|-valued function:

0 0. 1o}
or, OF . OR

= ) o) 0
DF(7) = | %1 9= | o
0Fn O8Fm .. OFm
oxq Oxo Oxn

Another Example Consider the following function of 3 variables with 2 components:

Flona =1,

This function takes points from R? and gives points in R2, so you can think of it as being some way
of crushing R? into the plane. Its derivative is given by

or  or R y oz 0
DR = | A 4 | =[50 )]
ox dy 0z

At the point (1,1,1) this takes the value

DF(1,1,1) = H | (1)]
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Here is perhaps an easier way to see what this matrix is doing to vectors at (1, 1,1):

DF(1,1,1) 0, = 0,

DF(1,1,1) 0, = 0, + 0,

DF(1,1,1) 0, = 0,.
This is saying that if you start from (1,1, 1) and start to increase the first coordinate, then the first
coordinate of the output (F;(Z), F5(Z)) would start to increase. And if you start to increase the
third coordinate, then second coordinate of the output would start to increase. And if you start

to increase the second coordinate, the the output responds by moving in the d, + 9, direction (so
both F} and F; would increase at the same rate).

to
E ~ N o wan &:?EL COres alwa'—"“?ﬂ-'
3 F In'q..-d‘ HFom €L l,l} % .,,\ul-xulr\ Mr:tﬁ* r-gcb
R L, 22 !
l’
# (‘\__ Lt rru'\-"'r
at [{VATED]
—> LJ‘ ‘T\—tL{ point
u,n- Byt

Another Example Consider the following function of 2 variables with 3 components:

B x
F(:U, y) = Yy
z? + y?
This function takes points from R? and gives points in R?, so you can think of it as being some way
of inserting R? into R3. Actually, the output (x,y,2* + y?) is the point above (z,y) on the graph
of f(z,y) = 2® + y*. So this function is “lifting” points of R? onto a certain surface in R3, namely
the parabolic bowl that we have seen is the graph of f(z,y) = 2% + 2.

‘7160: c.:F H"'l

L
graphof Fx gy = ¥ Ty,
m.;l’l hm Iﬂ m
_t:_‘ {_1;4‘: >0} 4
ok R? uph 5

94



The derivative of F(Z) is given by

OF, OF,
o oy L 0
DF(z,y,2)= | 22 221 =] 0 1
88% 38—; 2z 2y
At the point (1, 1) this takes the value

10

DF(1,1)=| 0 1

2 2

Since the output of Fis always on the parabolic bowl (the graph of f(z,y) = x? + y?), any path of
the form F(Z(t)) must be a path that stays on parabolic bowl. Given any path Z(t) in R? that starts
at (1,1), the path F(Z(t)) starts at F(1,1) = (1,1,2) and lives in the parabolic bowl. The velocity
of a path living inside a surface is always tangent to that surface. So the initial velocity of F (Z(t))
is always some vector-at-(1,1,2) that is tangent to the parabolic bowl. This explains what the
matrix DF'(1,1) must do: it must “lift” (two dimensional) vectors-at-(1,1) to (three dimensional)
vectors-at-(1,1,2) that are tangent to the parabolic bowl.

, t‘m Fa‘tﬁl‘ [1"!"-}
The reswl? oF

a ll'fi‘sl‘::i'ln%_‘ [, F(l, "\

to Hu bunch of vedersat-c11),

3.4.2 Derivatives are Linear Approximations

Let F (Z) be a function of n variables with m components. Consider some particular input #, and
a nearby input 7y + AZ. If something is going to call itself “the derivative of F” then it sure as hell
better have something to say about how F(Z, + AZ) differs from F(Z,). To see what it says, make
up a path that starts at ¥y and heads in the AZ direction in a straight line. Call the path Z(t) and
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assume that Z(0) = &y and Z(At) = #y + AZ. The initial velocity %ﬁ(f(t)) li=o is (by definition of
velocity) the limit of

—

At( (xo + AZ) —

(
as At — 0. It is also (by definition of DF') equal to DF(Z
is 3; AZ. Hence we have

To))
)

(a;AZ), since the initial velocity of Z(t)

L (F(3, + AT) — F(&)) = DF(7,)(L A7)

holding in the limit Atz — 0, which is also the limit AZ — 0. The scalar <; pulls out of matrix
application:
DF (%0)(4A%) = £DF(@)(A7),
so we can cancel the ﬁ above and we get
F(Zy + AZ) — F(Zy) = DF(Z,)(AX)
holding in the limit AZ — 0. This is telling us that near Zy, the function F acts approximately just
like the matriz DF(Z)) acts.

(Rﬁ {:R

.S 5 s f{’f&ﬁ i’ \ ﬁ?}f‘-‘
Fad o T - (Kol &=
e janls &

'
Ko

F{rx 4 DF(R,) &%
~ F B (Ko +2% )

To be more precise, if you consider small vector displacements AZ from Zy, then the values that F
takes at those points are given by small vector displacements from F (Zo) that are approximately
what you would get by applying the matrix DF(Zy) to AZ. The matrix DF'(Z) represents the best
linear function that captures the behavior of F near Zp.

Derivatives are Linear Approximations

Given a function F(Z) of n variables with m components, the derivative matrix DF(Z) at a

point Z is the best linear approximation for the behavior of F near 7. To first order in AZ,
F(Z+ AZ) = F(Z) + DF(Z)(AZ).

Example Let’s revisit the function of 2 variables with 2 components from the previous section:

= 202 —xy + 1
F(l‘,y) = |: _($_’_2)27y/8 :|
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We found that

) 2

This matrix represents the way in which F () changes in response to changes in Z starting from
(—2,—13). It would be nice to see graphically how the action of this matrix on small displacement
vectors AZ is an approximation of F (Z) at points near ¥y = (—2, —13). To see it graphically, start
with a bunch of paths (paths of inputs) radiating outward from (-2, —13):

Then look at what F does to those paths, and gradually zoom the picture in closer and closer to
the point F'(—2,—13) from which the output paths emanate:

Eventually, once you zoom in close enough, the action of F (Z) on paths looks indistinguishable from
the action of the matrix DF'(—2, —13) on the initial velocity vectors-at-F'(—2, —13).

Exercise: If derivatives are really “best linear approximations”, then functions that are already
linear should look like their own derivatives. Prove to yourself that if

— ab .
F(:z:,y)_{c d]{y]’

DF(z,y) = [? Z}

for all (z,y). This is analogous to the fact that j—L ax = a in single variable calculus.

then
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3.4.3 The Chain Rule

The chain rule is concerned with breaking down the derivative of a composite F(G(Z)). Such a
composite only makes sense if the number of components of G matches the number of variables
that F' expects. Assume that G(Z) is a function of n variables with m components and F'(Z) is a

function of m variables with k components. Then how is the derivative of F(G(Z)) related to DF
and DG?

A quick notational aside. We usually refer to a function by a notation like “F (Z),” but this notation
also makes it look like we are trying to evaluate F' at a specific point & to get a specific output
F (Z). If we want to refer purely to the function, without any specific input plugged into it, then
we just write “F.” What if a function is built by composition like F(G(Z))? Then there is still a
way to refer purely to the composite function without any specific input plugged into it: F o G.
The definition of the “o” symbol is that F' o G is the function whose value at Z is the value of I at
G(2): B
(FoG)(Z) = F(G(T)).

Okay, back to the main question: How is D(F o G) related to DF and DG? By definition, the
matrix functions DF' and DG describe the effects of F' and G on the initial velocities of paths. So
let’s consider some path of inputs Z(¢) starting at some &, with initial velocity ‘é—f li—o= v. By the
definition of D(F o G) we have

D(F 0 G)(@)(@) = 5 lo (F 0 G)(&(1)
d = T
= 0 oo F@EW)).

The path G(Z(t)) of outputs of G is being used here as a path of inputs for F.

G&e) Dl (DD =0
L3 -
> (+
W xt) :@ L??

Ko

f
[SAEIC)

DF(EENE® E (T )
CE®)

Since the path G(Z(t)) starts at G(Z,) with initial velocity

= limo G(E(1)) = DG(F0) (7).

inputting the path G(Z(t)) into F gives the initial velocity

4 |_s F(G(#(t))) = DF(G(%0))(DG(7)(7).
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And so this becomes our chain rule:

D(F o G)(#)(¥) = DF(G(%)))(DG() (7).
The right hand side is a product of matrices— it starts with the vector v, then applies the matrix
DG(Zy) to that, and then applies the matrix DF(G(Zy)) to that. This is the same as just taking

the product matrix DF(G(&,)) - DG(%,) and applying it to 7. So the equality above says that the

matrices D(F o G)(Zy) and DF(G(%y)) - DG(Zy) give the same result when you apply them to any
vector v. This implies that they are equal as matrices. Finally, we have found the chain rule:

The Chain Rule

Assume that G(Z) is a function of n variables with m components and F(Z) is a function of
m variables with & components. Then the derivative of F/(G(Z)) is related to the DF and
DG in the following way:

—

D(F o G)(Zo) = DF(G(Z,)) - DG(&).

The left hand side is a k X n matrix, and the right hand side is the product of a £ x m matrix
with an m X n matrix.

Example Consider the functions

s
G(r,y) = y
x? +y2
and
F(LE,y,Z) - [ yz :|

—

from some earlier examples. The composite F(G(x,y)) is a function of 2 variables with 2 components
given as follows:

F(G(z,y)) = F(z,y, 22 +y?) = [ y(xfi i } _ [ xz?ﬁ ., } |

We can take the derivative directly:

Or we can use the chain rule. First, we compute all the ingredients that go into the chain rule:

1 0
DG(z,y)=1| 0 1
2 2y

x 0
DF(w,y,z)Z[g p y]

= _ 2 .2y _ | Y € 0
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And then we can apply the chain rule:

1 0
= 0 Y T
D<FoG><x,y>=DF<G<x,y>>~DG<x,y>:{y 2t 2 } 0 1 =[ : ]
0 z24+y° vy 2% 2 20y x* 4+ 3y

Special Cases f(#) and p(t) I will show you that the notion of derivative defined in this section
has all previous notions (velocities and gradients) as special cases. Also, the version of the chain
rule that we saw in section 1.7.3 is a special case of the general chain rule we are seeing here.

A function f(Z) on R" is a function of n variables with just one component. So its derivative is a

1 X n matrix-valued function:

_ of Of af
Df—[% es T Ban

You could call this single-row matrix the “gradient” of f(Z), as long as you know that this row
vector stands for

of of
=0 + -+ 0
8961 . 8% e
and as long as x,...,x, are cartesian coordinates. (This discussion can still work if they are not

cartesian coordinates, but it’s more complicated.)

A path p(t) in R™ is a function of 1 variable with n components. So its derivative is an n x 1

matrix-valued function: .
P1

dt
Dp=|

dpn

dt
We are already used to writing a list of components for the velocity of a path, knowing that it really

dp pn
stands for Ft0,, + -+ + S0,

Now consider what the chain rule has to say about the derivative of a function f(Z) along a path
p(t):

D(fop)(t) =Df(p(t)) - Dp(t)

dpy

o o dt

= [ el OB mel 0 } o
dpn

dt

| of dpy of dpn,
N {01’1 20 dt Tt 0x,, 7 dt |-

The result is a 1 x 1 matrix with the one entry being exactly what we would expect from the chain
rule that we studied in section 1.7.3.

3.4.4 The Jacobian Matrix of a Coordinate Transformation

I mentioned at the beginning of this section that coordinate transformations are the main examples
in this course of functions of multiple variables with multiple components. The transformation from
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polar to cartesian coordinates is the following function of 2 variables and 2 components:
= | x(r,0) | | rcos(6)
T(r.0) = [ y(r,0) ] N [ rsin(f) |’

The derivative is the following 2 x 2 matrix-valued function:

or- (£ §]- [l )

Q
SIS

The derivative of a coordinate transformation has a special name: it’s called the Jacobian matriz
of the transformation. The partial derivatives appearing as the matrix entries are probably looking
familiar to you— they are the coefficients in the expansion of 0, and 9y in terms of 9, and 9,. This is
no coincidence! Remember that 0, is, at each point, the initial velocity of a coordinate path in the r
direction. Such a coordinate path could be considered to be a path of inputs for the transformation

.= o . . 1 .
function T'(r, ), and its initial velocity O, is represented by the column vector [ 0 } . Applying the

transformation f(r, 0) to the coordinate path of r would give us an expression for coordinate path
for r in terms of x,y coordinates. The components of velocity for that path are what you get when

you apply DT to [ é } : that is, they are the entries of the first column of the matrix DT

Q"\

JL\\:'* ) '
o . {;\\'; DTlr,,m‘:[ > |
\ L8 Kine b = {; LTy 2
Al f@ [Free> - =:‘:f§53 3y

.:%’_4— — =
(re, DY

B

So the Jacobian matrix of a coordinate transformation contains within it the information needed
to transform vectors from one coordinate system to the other. Actually, we could have derived the
vector transformation law in this way to start with.

Another useful aspect of a Jacobian matrix is its determinant, which we can refer to as the Jacobian
determinant of the coordinate transformation.

Recall from linear algebra that the determinant of a linear transformation is the scale factor by
which it scales volumes (or areas, or whatever). For example:
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The matrix scales areas
by a factor of 3.5. This
-~ is reflected in the fact that
its determinant is 3.5.

apply matrix

1.5 1
-2 1

Determinants can be negative, in which case you should take absolute value to get the scale factor
by which volumes/areas are scaled.

Since the derivative of a function is a linear approximation of the function at each point, the
determinant of the Jacobian matrix DT ends up giving us the scale factor, at each point, by which
the coordinate transformation distorts volumes. Let’s use polar coordinates as an example. The
Jacobian determinant is

det (DT) = det ([ ‘;’;’ézg ;Zzgzg) D — rcos?(0) — (—rsin(0)) = r.

This is telling us about the area distortion caused by polar coordinates. The bigger r is (the
farther from the origin you are looking), the more the transformation 7" scales up areas. Here’s a

picture showing you how a little box of side lengths Ar and Af gets its area scaled by the amount
det (DT') = r:

¢

r~ DB

area = A : _.

F Ar
P = PR
I"

[
I*:.
@

Falg

& (s L o)

W
':?)

Mo [s(

r yht 3 raras

The box does have to be small for the approximate scale factor to be accurate, because the derivative
matrix captures the “infinitesimal” aspect of the behavior of the transformation near each point.

Summary:
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Jacobian Matrix and Jacobian Determinant

The derivative of a coordinate transformation is called its Jacobian matriz. If the coordinate

transformation functions are wy(zq,...,2,),...,u,(x1,...,2,), then the Jacobian matrix is
given by

ou, . Ouw

or1 OTn

Oup ., Oun

ox1 Oxn

The determinant of this matrix is called the Jacobian determinant of the coordinate trans-
formation. Since the Jacobian matrix is a matrix-valued function, the Jacobian determinant
is a scalar function. The absolute value of the Jacobian determinant is the scale factor by
which the coordinate transformation distorts volumes at each point.

3.5 Optimization

This section is about extremizing functions of multiple variables. The question we are trying to
answer is: Given a function f(x,y) of two variables, how can we choose inputs x and y such that
the output f(x,y) is maximized or minimized? Most of our discussion will apply to functions of
any number of variables, but we will focus on functions of only two variables in the end.

Single Variable Optimization First, we recall how optimization goes in single variable calculus.
Say you've got a function f(x) defined for z in the interval [a,b], and you want to find where f(x)
takes on a maximum value. If you were some kind of oracle-like superbeing that could gather and
analyze uncountably infinite amounts of information, then you could take the following approach:
check the value of f(z) for each x in [a, b] and then pick out the = that gets you the biggest output.
But that’s silly— you don’t need to check every possible x because you know calculus. If f'(z) were
positive, then f(z + Az) is bigger than f(z) for a sufficiently small Az. And if f/(x) were negative
then f(x — Ax) is bigger than f(x) for a sufficiently small Az. So unless f’(z) is zero, the input
x could not possibly be an input that maximizes the output. Thus it suffices in our search for
maxima to only consider values of x for which f’(z) = 0. These inputs are special, so we give them
a name: they are critical points. They're not always maxima or minima, but at least we know the
maxima and minima are among them and so they are all we have to check. This is what leads to
the calculus-based strategy for optimization of a function: solve f'(x) = 0 to get critical points,
then analyze critical points to see which ones are maximizing or minimizing values.

There’s a catch in the argument above with the Az’s. The argument doesn’t work when x = a or
x = b (the “boundary case”). So just those two points have to be analyzed specially.
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Multivariable Optimization Optimization for a function of multiple variables will end up work-
ing pretty much the same way in that we set a derivative equal to zero to locate critical points. The
main difference is that there’s a bit more finesse needed to actually analyze the critical points.

Let me start by clarifying what I mean by maxima and minima:

Definition of Local Extrema

A function f(Z) is said to have a local mazimum at Ty if f(Z) < f(&) for all # in some
neighborhood of Zy and in the domain of f.

A function f(Z) is said to have a local minimum at %, if f(z) > f(@y) for all & in some
neighborhood of ¥y and in the domain of f.

Local minima and local maxima are both called local extrema.

The phrase “a neighborhood of Zy” precisely means “for some positive r, some bunch of points that
are within a distance r of #y.” The key thing to notice is the word local. We are interested in all
the little hilltops and ditches in the graph of f, not just the tallest peaks and lowest valleys.

| paa™
Loe="

reh
“/? ﬁ’ft';jj

The first observation we have to make in order to locate extrema is that they can only occur for
inputs &, where V f(Z,) = 0. If V f(&,) were not zero then traveling from &, in the direction V f(Z)
would immediately start to increase the values of f, while traveling in the direction v/ f(#o) would
immediately start to decrease the values of f, so ¥y could not possibly be a local extremum. This
is the key observation for optimization in both single-variable and multi-variable calculus. Okay,
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but the argument we made only applies in a situation where you can just start from 7y and head
in any direction freely and still be able to look at values of f— so the argument doesn’t apply when
Zp is on the boundary of the domain of f.

Local extrema can only be at critical points or boundary points

If Z, is a local extremum for f(Z), then it must be either that Vf(Z)) = 0 or that &, is on
the boundary of the domain of f.

The tongent plane T
the graph ) g is
'Ffa,{' ot ,Lg; winima
aﬂmuﬁma, 7-}'755 s

because 75 vanishes;
ie. all direchonad decivatiles

vonish

This makes the following terminology useful:

Definition of critical point

IfVf (Zo) = 0 then 7, is called a critical point for f.

So we now have a strategy for finding the extrema of a function f(x,y) of two variables:
1. Compute ﬁf
2. Solve the system of equations v f= 0 to get critical points.
3. Analyze each critical point to find out if it is a local minimum, a local maximum, or neither.

4. Don’t forget to check the boundary of the domain of f for other local extrema.

It’s all pretty straightforward, except for step 3. Next, we look into how to carry out step 3.

Analyzing Critical Points In single-variable calculus you do this by checking the second deriva-
tive: if zg is a critical point of f(x) then

o if f"(x0) > 0, then z( is a local minimum,
o if f"(x0) <0, then ¢ is a local maximum,

e if f"(x9) = 0, then further analysis in needed to find out what’s going on, but zy might not
be a local extremum at all.
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In our multi-variable situation there are a lot of things that could be called “the second derivative”
2 2 2

For a function f(x,y) there are three partial second derivatives %, ;w—afy and g—y’;. And those are

actually just special cases of “double directional derivatives” like Dir(Dir(f, (z,y), ¥), (x,y), w). Just

like the gradient of a function is a vector object that holds within it all derivative information for

all directions, there is an object that holds within it all double-derivative information for all pairs of

directions. It is called the Hessian matriz of f(z,y), and it looks like this in cartesian coordinates:

9%f 9%f
dz?  9yd
Ozxdy  Oy?

The double directional derivative Dir(Dir(f, (x,y),?), (z,y),w) ends up being the matrix product
Wt (Hf)0.

If ©y = (xo,90) is a critical point of f(z,y), it would definitely be a local minimum if f looked
“concave up” in all directions ¢ at #y. This corresponds to all double directional derivatives
Dir(Dir(f, (x,y),7), (x,y), V) being positive, which corresponds to the matrix product o' (Hf)v be-
ing positive for all nonzero column vectors ¥. This would be an annoying condition to check were
it not for a wonderfully easy criterion: If either of the diagonal entries of the matrix Hf(xo,yo) are
positive and the determinant of the matrix is positive, then #*(Hf)¥ is always positive for nonzero

—

v.

L L T L T

}'_}gfm.ph noer a Lo minimam
lvok& /T’:aﬂf:a.w. mp“ -'f\auf/( dfr'ﬂ‘-ﬁ'mﬁ.

There’s a similar analysis of the local maximum situation, in which one looks for “concave-downness”
in all directions at .

But here comes the main subtlety of multiple variables: you could have “concave up” behavior
in some directions from #y while also having “concave down” behavior in others. The graph of a
function near such a point looks like a saddle shape (or a pringle potato chip), so in this case Zy
would be called a saddle point for f. It’s definitely not a local extremum, because f increases in
some directions and decreases in others. It turns out that detecting a saddle point is easy in two
dimensions: Zy = (2o, yo) is a saddle point if the determinant of the Hessian matrix is negative.
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concave down

You might think that if % and 227{ were both positive at the critical point Zy then the function looks
concave up in every direction. But no! Even with both of those double partials being positive, there
could be other directions other than the d, and 0, directions in which the function looks concave
down. You really do need to check the determinant of the Hessian matrix to know for sure whether
or not you are looking at a saddle point.

Here is the multi-variable second derivative test, in full, for functions of two variables:

Analyzing Critical Points Using Second Derivatives

Assume that Zy = (o, o) is a critical point for f(x,y). Let

9% Ff o2 0? ?
h = det(Hf (7o) = 6;; ay]; B <8$5fy)

be the determinant of the Hessian matrix at ;. Then
o if % |z,> 0 and h > 0, then Zj is a local minimum,
o if % |z,< 0 and h > 0, then 7y is a local maximum,
e if h < 0 then 7 is a saddle point,

e if h = 0 then further analysis is needed to find out what is going on.

An Example Let f(z,y) = 22 —4?, defined on all of R%2. What are the local extrema? There is no
boundary of the domain to worry about, so we only need to consider critical points of f(x,y). The
gradient is V f = 2x 0, — 2y 0y, so critical points can be found by solving the system of equations

20 =0
—2y =0.
The only solution is (z,y) = (0,0), so the only critical point is (0,0). This implies that the only

place where a local extremum can occur for f(x,y) is at (0,0), if it even occurs there. Now we need
to analyze what kind of critical point (0,0) is: is it a local minimum, a local maximum, a saddle
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point, or something else? For this we compute the Hessian matrix for f(z,y):

oy 2y 2 0

2 z

Hf<x7y):[ng 8526}“]:{0 _2}
ozdy  0y?

We need the determinant at the critical point:
det(Hf(0,0)) = —4.

Since it is negative, we conclude that the critical point (0,0) is a saddle point. Thus f(x,y) has no
local extrema. Here’s the graph of f(z,y):

the only
critical point

0.5

Another Example Let f(x,y) = 2* + y?> — 2x — 4y + 6, but assume that it is only defined
for x,y > 0. Since the function is only defined in the first quadrant of the plane, there will be
boundary points to worry about. Let’s just focus on finding critical points to start with. The
gradient is v f=(2x—2)0, + (2y — 4) 9,, so critical points can be found by solving the system of
equations

20 —2=0

2y — 4 = 0.
The only solution is (z,y) = (1,2), so the only critical point is (1,2). And this is indeed a valid
input to f because (1,2) is in the first quadrant, the domain of the function. Now we need to

analyze what kind of critical point (1, 2) is: is it a local minimum, a local maximum, a saddle point,
or something else? For this we compute the Hessian matrix for f(z,y):

it i 2 0

z2 T

Hf(l’,y):[ng anz('}]:|:0 2:|
dxdy  Oy2

We need the determinant at the critical point:
det(Hf(1,2)) = 4.

Since it is positive, we conclude that the critical point (1,2) is some kind of local extremum-— either a

minimum or a maximum. Since % |1,2)= 2 is positive, we conclude that (1,2) is a local minimum.
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So far we've found one local extremum, but there could be further extrema on the boundary of
the domain of f(x,y). The boundary of the domain is the set of points where either x = 0 and
y>0ory=0and z > 0. Let g(y) = f(0,y) = y* — 4y + 6, defined for y > 0. And let
h(z) = f(z,0) = 2% — 22 + 6, defined for z > 0. These are functions that take on the values of f
along the boundary. We can find potential extrema of f along the boundary by extremizing g and
h. Since ¢'(y) = 2y — 4, the function g(y) has one critical point y = 2. Since ¢”(2) = 2 > 0, the
critical point y = 2 is a local minimum for g(y). This suggests that (0, 2) might be a local minimum
(though not a critical point!) for f(z,y). But it’s not, because you can decrease the output of
f(z,y) by traveling in the 0, direction from (0,2): Dir(f,(0,2),0,) = &L |o2= —2 < 0. Since
h'(z) = 2x — 2, the function h(x) has one critical point © = 1. Since h”(1) = 2 > 0, the critical
point = 1 is a local minimum for h(z). This suggests that (1,0) might be a local minimum for
f(z,y). But it’s not, because you can decrease the output of f(x,y) by traveling in the 0, direction
from (1,0): Dir(f,(1,0),0,) = g—g l(0,2y= —4 < 0. Finally, both g(y) and h(z) have a boundary to
their own domains! It is y = 0 and x = 0, respectively. So the origin (0,0) just needs to be treated

specially. If v, and v, are positive, then Dir(f, (0,0), v,0, +v,0,) is _27:”2:_?;’, which is negative. So

the function decreases in every direction heading away from the origin into the first quadrant of the
plane. Thus (0,0) is a local maximum.

Here’s a picture of the graph of f(x,y) pointing out the two local extrema that we found:

local min and
critical point
(the only critical point)

e
ST
local max on \ 0" .. H
boundary \

(1,0) 1 1 in red are the boundary points
on the graph

As you can see, the critical points are usually easy to analyze, while boundary points can be quite
tricky.

4 Integrals

In this section we will explore several types of integrals, starting with the one most directly analogous
to integration in single variable calculus.
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4.1 Integrals of Functions over Regions

Recall from single variable calculus that fab f(z)dz is the area “under the graph” of the function
f(z), which we can approximate by adding up areas of rectangles. The “adding up rectangles”

L b
approximation gets closer and closer to the true value of [ f(z) dx as one uses more and narrower

rectangles. The definition of fab f(x)dx is that it is the limit of the approximations by adding up
rectangles.

Fue)

A

The integral of a function of two variables is defined in a very similar way. For a function f(z,y) on
R?, the graph is a surface in R3. The integral is the volume “under the surface.” Since the domain
is R? instead of R!, a region of integration can be much more complicated than a simple interval
like [a,b]. If the region of integration is some piece R of R?, then the integral of f(x,y) on R is
denote by

/R f(z,y)dA

and it is the volume “under the graph” of f(z,y) within the region R. The “dA” indicates that
this is an area integral, i.e. an integral of a function over some region in R2.

g 2

X

I've been putting scare-quotes around the phrase “under the graph” because it’s not strictly cor-
rect: any negative values taken by the function in the region of integration contribute “negative
area/volume” to the integral.
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The way to actually compute an area integral is as a double integral— that is, as two single integrals.
You can slice up the region along one coordinate, do the single-variable integral along all those
slices, and then integrate the result along the other variable. It’s easy to say but somewhat tricky
to do correctly— the main challenge here is to describe the region of integration in a way that makes
the slicing work. An example will demonstrate.

Example Let f(z,y) = 2? — 2zy. Let’s try to compute the integral of f over the region bounded
by y = 1 — 22 in the first quadrant. Let’s call this region R. Here is a picture of R:

0.8

0.6

0.4

0.2

0.0

L L L L L
0.0 0.2 0.4 0.6 0.8 1.0

Here the graph of the function:

The graph is shown in orange, and in blue you see the surface z = 0. The picture only includes
information above the region R, since that’s all we care about here. We want to compute [ r [dA,
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which is the “volume” between the orange and blue surfaces in the picture (keep in mind that for
the portion where the orange surface dips below the blue surface, there is a negative contribution
to the overall “volume”). For each fixed value of y, we can view f(z,y) = x? — 2zy as a function
of x alone. (For example if you fix y to be 0.5, then you get the function 2*> — x of x alone). We
can integrate this function of one variable with respect to z to get “[ f(z)dz” as a function of y
alone. But we need to know the range over which to integrate x. For a fixed y, what range of x’s is
allowed for (x,y) to be within the region R? Since R is described as the region in the first quadrant
bounded by y = 1 — 22, the smallest z can be is 0 and the biggest x can be is some value that
places (x,y) on the curve y = 1 — 2. For a fixed y, the value of z that places (z,y) on the curve
y=1—2?isx = /T —y. So, for a fixed y, the range of 2’s that makes (z,y) sit inside the region

RisO0<z<1—y.
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Now for each y we can do the integral over x:

/::m f(z,y)dx = /i: - (2% — 2xy) dx

: = (§x3 — 2y
= G(W1=9)’ = (/1= — ((0°—=(0)%)
=1 =P =1 -y
1=y —y+y7

Note that the result is only a function of y. This is not the final answer, but it’s a step along the
way. For each fixed y, we have computed the area under the graph of the function f(z,y), viewed
as a function of only x with y being a constant. Graphically, we have computed the areas of regions
like the ones depicted below
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(In the pictures I am showing what we computed for four sample values of y.) If we now “add up”
all those areas for all y, i.e. integrate with respect to y, then we should get the total volume under
the graph of f. The range of y’s over which there is a nonempty range of x’s is 0 < y < 1.

S

B\ e
'“"__"'['3“:('}

We integrate over this range of y’s to get the volume we want:

I/ e ‘ﬂ_': | ga.r_lw ﬂﬂ-‘fr‘*— I:’x;‘é}

y=1
[ G gty = (R0 -
Y

= (RO D337 — (0 -0 - 507+ 0))
= —1/30.

And thus we have computed the area integral

/R FdA = —1/30.

Summarizing our entire calculation, it went like this:

y=1 pr=y1-y
/fdA:/ / (2* — 2xy) dx dy
R y=0 =0
y=1
[ Ga--yrtydy = -1
y=0

The trickiest bit was describing the region R. We determined the ranges over which to integrate x
and y by describing R as the set of points (x,y) for which 0 <y <1 and 0 <z <. /1—y.

Another description of R is that it is the set of points (z,y) for which0 < x <1 and0 <y < 1—2a2.
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This leads an alternative approach to computing | r JdA, but doing the double integral in the

opposite order:
x=1 y:l—:tc2
/ fdA:/ / (2% — 2xy) dy dx
R =0 y=0
r=1

:/ —2° — '+ 20° +2* —xdr = —1/30.
=0

Both orders of integration should give the same answer, because they both represent the same thing:
the two dimensional integral [ r J dA. Sometimes one order of integration will be easy to compute
by hand while the other is harder or even impossible!

Integrating the function “1”. In single variable calculus, the integral fab 1dz is b — a, which is
the length of the region [a, b] of integration. Analogously for area integrals, the integral [ p LdA is
the area of the region R.

e

R in x-g-plane
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As a demonstration, let’s use this to find a formula for the area of the triangle with vertices at
(0,0), (a,0) and (b, c). Assume that a, b, and ¢ are all positive and that b < a.

-.é’ Ehjc)
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Okay, you probably already know that the area of the triangle is “one half of the base times the
height,” but for fun let’s pretend you didn’t know that and figure it out by integrating the function
1 over the triangle.

First, the region R is the triangle itself. We need to decide whether we want to do an z integral
first, or a y integral first. For the sake of demonstration, let’s do both orders of integration! Before
we start, let’s write down equations for the boundary of this region.

\}' 1 , | \ - —C— /.'E' =
this Line is (b€ this lires 9= a5 X7 Gp
¥ _ ;
g::f:_ij or ) of X = 'l";ﬂ_g + O

(a,0)
S t_"hllj Jr.'rt JIX %:Q

You will see in a moment why these are helpful to have. Let’s begin the calculation.

Doing an x integral, then a y integral. For any fixed y, the range of z’s within the triangle runs
from x = lz’y to x = b_T“y + a. The overall range of y’s for the whole triangle has y running from
y =0 to y = ¢. In other words, the triangle (let’s call it T") has the following description: T is the
set of points (z,y) for which 0 <y < ¢ and gy <z < b_Tay +a.
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We can now calculate:

area of T = / 1dA
T

x:bfa
:/ / 1dx dy
y=0 m—b
v=c (b — b
=/ < ay+a——y) dy
c
a
[ )
y=0 ¢

30
a y 2 y y=0
=ac— ﬁ02
2c
1
= —ac.
2

Yay! We have recovered, in an overly complicated way, the area formula “one half base times
height” that we already knew. Now let’s try the other order, for even more fun.

Doing a y integral, then an x integral. For any fixed x, the range of y’s within the triangle runs
from y =0 to y = fx... orit runs from y = 0 to y = —Sx + 5. Wait, so which is it? It depends on
x. The function defining the boundary of y-values in terms of x is a piecewise function here. For
any fixed x between 0 and b, the range of y’s within the triangle runs from y = 0 to y = {x. For any
fixed = between b and a, the range of y’s within the triangle runs from y = 0 to y = —5z+ 5. The
overall range of x’s for the whole triangle has z running from x = 0 to x = a, but we are effectively
splitting it into two ranges: one with x running from 0 to b and the other with x running from b to
a. In the end our triangle T has been given the following description: T is the set of points (x,y)
for which either

0<z<band 0 <y < b

or

b<zr<aand 0<y< _Cbx+

We can now calculate: It has to be done as two separate integrals, one for each piece in the piecewise
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description of the y bounds as a function of z:

areaofT:/ 1dA
T

ac

o=b y==tx T=a Y= Tt o
:/ / 1dydx+/ / ldydx
=0 y=0 z=b y=0
r=b r=a
c C ac
_ “rd d
/x:o b “/x:b (b—aﬁa—b) '

r=a
€9

_ ¢ . _0C
~2b 2(b—a) a—b )|,

—%4— C 2y g) - C r+ 2y
2 2(b—a) a—b 2(b—a) a—1>b

= —ac.

2

Yuck! We got the same answer, but a lot more simplification was needed to get there (I skipped a
lot of the algebra at the end). It turned out that the other order of integration was much nicer.

Volume Integrals and Beyond. Above we have talked about area integrals, which are integrals
of functions of two wvariables over subregions of their domain. The idea extends quite readily to
functions of three or more variables. In the case of a function of three variables, we get wvolume
integrals, which can be computed as triple integrals.

The integral of a function f(z,y, z) on R® over a region R inside R? is denoted by [, f dV, with the
“dV” telling you that it’s a volume integral. But what does it mean? The integral of a function f(x)
is the “area under the curve,” the integral of a function f(x,y) is the “volume under the surface,”
and the integral of f(x,y, 2) is...7

Well, you could try to describe it as some kind of a four-dimensional volume-thingy under the three
dimensional graph of f(x,vy,z) in R But don’t. Ultimately, integrals are not really about getting
“area under the curve” or “volume under the surface” at all. They are about turning densities into
amounts.

By “density” I don’t necessarily mean “mass density.” Imagine that f(z,y,z) is the density of
something, it doesn’t matter what. Let’s say that f(x,y, z) gives the density of things per cubic
meter at (z,y,2). Then the volume integral [, f(z,y,2)dV is the total amount of things in the
region R. Similarly, if f(z,y) is the density of things per square meter and R is a region in R?, then
the area integral [ r f(x,y) dA total amount of things in the region R. You can replace “thing” by
whatever you want here: mass, electric charge, probability, chemical concentration, etc.

Let’s now compute a volume integral as an example. There’s nothing new here— just a more
complicated version of what we did before.

Example Suppose that a piece of material is shaped like the region R shown below, and that its
mass density is given by the function f(z,y,z) =z + z. Our task to compute the mass.
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The mass is [, (z + z) dV. We have to write this out as a triple integral, and the hard part is to
describe the region of integration in a way that makes it possible to write down the integration
limits. I will integrate with respect to z first, getting a function of x and y, then I will integrate
with respect to y, getting a function of z, and finally I will integrate with respect to x, getting a
numerical value for the mass. For any suitable choice of x and y, the z coordinate runs from 0 to
1+ y in order for (z,y, z) to be inside R. Now we need to determine what are the suitable choices
of x and y (those that have (z,y, z) in R for some z). For any suitable choice of x, the y coordinate
runs from 0 to 2 — 2z (get this by solving 2x + y = 2 for y) in order for (z,y, z) to be inside R for
some z. Now we need to determine what are the suitable choices of = (those that have (z,y, z) in
R for some y and z). The x coordinate runs from 0 to 1 (get this by looking at the picture; what
is the maximum value of z in the region?) in order for (z,y, z) to be inside R for some y and z.
After all this rambling, we have the following excellent and useful description of the region R: it is
the set of points (x,y, z) for which0 <x <1,0<y<2—-2x, and 0 < z < 1+4y. Now we can turn
the crank and get an answer:

2—2x 1+y
/(:v+z)dV:/ / / (r+ 2)dzdydx
R o Jo 0
2—2x

(vz + 329|220 dy da

1
1

2—-2x
(z(1+y)+5(1+y)?) dyd

—_

— — —.

2—2x
(zy+z+ 3y +y+ 1) dyde

—

— — o S — —

(bog? oy + b+ b+ b)) da

—_

(3z(2 —22)* + 2(2 — 22) + £(2 - 22)° + $(2 — 22)* + $(2 — 22)) da

[y

(22° — 5z + 13) du

I
—~
=

8
Ny

_ 5.2 | 13 yja=l
ST° 4+ )

=0
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The mass is 2.

Non-Cartesian Coordinates. You saw earlier that choosing a good order in which to do multiple
integrals can make the difference between an easy calculation and a hard one. Another thing you
can choose cleverly to simplify an integral calculation (or to make it at all possible!) is coordinates.
This is analogous to “u-substitution” from single variable calculus.

There two reasons you might choose a certain coordinate system for a particular integration prob-
lem® [ r JAV:

1. The function being integrated might have a simpler description in a certain coordinate system.

2. The region of integration might have a cleaner description in a certain a coordinate system.

However there’s one extra thing you have to worry about if you use non-cartesian coordinates:
the distortion of areas/volumes due to the coordinate system. We discussed this in section 3.4.4,
which gives us a way to quantify the distortion. (Reread that section if it’s faded from memory.)
The Jacobian determinant turns out to be the correction factor that needs to be included in your
integrals to account for the artificial overestimates and underestimates of areas/volumes caused by
your choice of coordinates.

Specifically, the correction factor to include in your integrand if you use coordinates uq, ..., u, is
the absolute value of the Jacobian determinant of the transformation from w4, ..., u, to cartesian
coordinates. Let me use J for the Jacobian determinant:

Oz dx Oz

ouq Ouso Oun
J = det

Ory Oz ., Ozp

3'U41 8u2 8'“%

The correction factor you want is |J|. If you want to write out an integral

/Rde

in terms of the coordinates uq,...,u,, then you have to expand three things in terms of the co-
ordinates: the region R, the function f, and the symbol “dV.” The last item is where |.J| comes
in— the symbol dV expands as dV = |J|dujdus - - - du,. The symbol dV is sometimes thought of
as an infinitesimal element of volume. For example when you write a three dimensional integral
in cartesian coordinates, it ends up expanding as dV = dx dy dz, in some order depending on the
order in which you do your integration. This is thought of as the volume of a little “coordinate
box” with side lengths dz, dy, and dz. For any other coordinate system u,v,w, just include the
factor |J| to get something that correctly represents the volume of the little coordinate box that is
swept out by du, dv, and dw.

8T will use the generic notation [ r [ dV to stand for area integrals (which I would normally write as I} r [dA to
be specific) or volume integrals. Actually it can really stand for integrals in any dimension. The word “volume” is
usually used as a generic term.
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It will be good to have the Jacobian determinants handy for the famous coordinate systems. For
polar coordinates, we computed in section 3.4.4 that J = r. Since r is always positive, |J| = r. So
if you want to write out an integral in polar coordinates, expand | g JdA as

// F(r,0)r dr do.

(You would have to figure out the limits of integration in terms of polar coordinates as well.) Think
of it like this: dA = rdrdf.

For spherical coordinates (you computed this in HW5 problem 39) we have |J| = p*sin(¢). So we
just write out the symbol dV as p? sin(¢) dp df d¢ (possibly with a different order depending on the
order if integration you are going for).

For cylindrical coordinates we have |J| = r. So we just write out the symbol dV as rdrdfdz
(possibly with a different order depending on the order if integration you are going for).

Example. Consider the function f(z,y) = 2% + y*. Let’s integrate this function over the unit
disk centered at the origin. In cartesian coordinates, things do not look very pretty:

1 \/ 1—y2
/ (> +9°)dA = / / (z° + y?) dz dy.
unit disk —1J—4/1—92

Let’s do it in polar coordinates instead. We have three things to write out in polar coordinates: the
region of integration, the function, and the symbol dA. The region of integration, the unit disk, is
simply the region r < 1 in terms of polar coordinates. The coordinate # can take its full range of 0
to 2. Precisely, we have the following description of the unit disk: it is the set of points (r,0) for
which 0 < r <1 and 0 < § < 2r. Now for the function. That’s easy: x? + y? = r2. Finally, dA.
For polar coordinates dA = r dr df. Now we compute

1 2m
/ (2* +y*)dA = / / r? (r df dr)
unit disk 0 0
1 2w
= / / 3 df dr
o Jo
1
:/ r30|5=2" dr
0
1
= 27?/ 3 dr
0

Example: Computing the area of a circle. Remember that when you integrate the function
“1” you are computing the area/volume of the region of integration. Let’s do this to compute the
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area of a disk of radius rg

) 2
/ 1dA —/ / 1 (rdfdr)
disk of radius rg 0 0
To
=27 / rdr
0

We have derived the famous formula for the area of a circle!

Example. Let us find the volume inside the cone 32% = 2% +y?, above the plane z = 2, and inside
the sphere 2% + y? + 22 = 36.

g Lt
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The hard part is describing the region in such a way that we get the limits on the integrals. I
drew a picture here but let me try to describe the region without the picture, just to show you
how an analysis might look in a situation where you don’t already know what everything looks
like? There’s just one portion where you need the picture: to interpret the phrase “inside the cone
322 = 2% + y?” you should have a good picture. The picture shows that the “inside” of the cone is
given by 322 > 22 + 12,

Let’s call the region R. Our current description of R is that it is the set of points (x,y, z) such that
e 322> 2?2+ y* and
e 2> 2 and

o 22 +y% + 2% < 36.

9For example, in higher dimensions than 3 you would not get to rely so much on a picture. Still, I do recommend
making the most of whatever pictures you can produce when describing regions!
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This is not even close to good enough for us to write out a triple integral in cartesian coordinates.
And cartesian coordinates are not a good choice for this problem anyway! Let’s use spherical
coordinates. Converting the three inequalities, we obtain the following description of R: it is the
set of points (p, 0, ¢) such that

e 3p?cos?(¢) > p*sin®(¢) and
e pcos(¢) > 2 and

o p? < 36.

The three conditions simplify a bit to
e 3cos?(¢) > sin?(¢) and
e pcos(¢) > 2 and

e p <6.

Simplifying the first condition further requires taking a square root... which branch of the square
root should we take? Well z > 2 for all points in R, so since z is always positive ¢ is in the range
0 to m/2. This ensures that cos(¢) and sin(¢) are positive. Now we can simplify the first condition
to tan(¢) < v/3, or just ¢ < arctan(v/3). Now R is described as the set of points (p, 8, ¢) such that

e ¢ < arctan(v/3) and
e pcos(¢) > 2 and

e p <6.

That nice and simple first condition is suggesting that we use ¢ as the “outermost” integral. For
any ¢ between 0 and arctan(v/3), what must be true of p and @ in order for (p, 6, ¢) to be in R?
Well 6 is not even mentioned in the condition so it can be allowed its full range from 0 to 27. As
for p, the third condition tells us it must be in the range 0 to 6. And it remains to satisfy the

second condition, which imposes a further restriction on p: p > ﬁ = 2sec(¢). Now we have the

following excellent description of R: it is the set of points (p, 0, ¢) (such that

e 0 < ¢ < arctan(v/3) and

e 2sec(¢) < p <6 and

e 0 <0< 2m.
Since I am planning to do the p integral inside the ¢ integral, the range for p is allowed to depend
on ¢. If I were planning to do the # integral inside both of the other integrals, the range for ¢

would be allowed to depend on both ¢ and p. Luckily here, things are not so complicated and the
f bounds turned to be constant. In fact, only p has a nonconstant bound. This is why spherical
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coordinates are a superior approach in this problem! Now we can go ahead and compute the volume

of R, remembering that dV = p*sin(¢)dp db d¢:

arctan(v/3) 6 2 arctan(v/3) 6
/ / / p? sin(¢) df dp dp = 27 / / p? sin(e) dp do
0 2sec(¢p) J0O 0 2 sec(¢)

, arctan(v/3) 5 —6
_ = /0 p”SI(Q) [0y cee(s) 40

arctan(/3)
— 2?”/0 (6% — 8sec®(¢)) sin(¢) de

arctan(v/3) arctan(v/3) @)
= 2?”63/ Sin(qb) dgf) 16”/ CS;:3(¢) d¢
0 0
= ?ﬂ (_ cos(arctan(\/g)) + ]') 3 (COSQ(arcian(\f)) - COS%(O))
= 56°(1/2) - §(3)
= 64m.

Summary.

Summary on integration of functions over regions

An integral of a function f over a region R is denoted by || r fdV (or sometimes /, p JAAIf f
is a function of only two variables). When you want to compute such an integral, you write

it as multiple single-variable integrals. You get to choose
e the coordinate system in which to express everything

e the order in which to do the single integrals

and you should choose them strategically. Once you make those choices, expand each of the

three ingredients in the notation |, rJAV:
e Express the region R in terms of your chosen coordinates in such a way that you can

determine limits for the single integrals.

e Express the function f in terms of your chosen coordinates.

o Write dV' as |J|duy - - - du,,, where uy, ..., u, are your chosen coordinates and J is the
Jacobian determinant of the transformation from your coordinate system to cartesian
coordinates.

4.2 Line Integrals and Conservative Vector Fields

We now introduce a new kind of integral, the integral of a vector field along a path. 1t is called a
line integral. Given a vector field F'(Z) and a path Z(t), we denote'® the line integral of F(Z) along

10There are two pieces of input data to a line integral: the vector field and the path. The vector field sits in the
integrand position, and the path is indicated by the dZ, or additionally it can be indicated as a subscript to the
integral symbol. Here I'm showing both places where the path could be indicated in the notation.
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Z(t) by

and we define it to be the ordinary integral
b —
— dz
| Faw)-

where (a, b) is the interval on which the path is defined. Recall from section A.2.3 that a dot product
measures the extent to which two vectors point in the same direction (though it also scales with
the lengths of both vectors involved). A line integral adds up, along a path, all the dot products of
the path velocities with the vector field. Thus a line integral measures the extent to which a path
travels along a vector field (though it also scales with the norm of the vector field— but as we will
soon see it does not scale up with the speed of the path).

The main application of line integrals is to compute work in physics. If F (%) is a force field and
Z(t) is the trajectory of a particle that is subjected to the force, then the work done by the force
field on the particle is given by the line integral ff( 9 F«dx. The notation suggests what is going on:

Integrating the scalar function F(Z(t)) 4% over t is like adding up F(Z(t)) - 4 At over lots of finely

subdivided time intervals At, which is like adding up F(Z(t)) - AZ over lots of finely subdivided
segments A7 of the path. Over each little segment Az of the path, the work done by the force field
equals the force vector F (Z) at the location & of the path dotted with the displacement vector A¥
of the path. A line integral is a way of taking a parameterized path and adding up all those little
bits of work to get the total work.

Even if the physics application is not meaningful for you, it turns out that line integrals are in-
teresting from a purely mathematical perspective as well. They will be crucial to answering the
following (mathematical) question: Given a vector field F(Z), is it possible to find a scalar function
f(Z) such that F =V f?

Example Computation of a Line Integral. Let F be the vector field (62 + 2y)d, + (22)0,.
Let Z(t) be the trajectory'' depicted below from the origin (0,0) to the point (2,0).

5| (et pe (v ST e

{M}} —_—

HTechnically this is not a smooth path and I did say everything we consider in this course will be smooth. Well, it
is a path made out of two smooth pieces connected together, and that will be good enough for us when we consider
line integrals. “Piecewise-smooth” paths are okay in this section. Also, in this section we will allow paths to have
velocity zero sometimes
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We would like to compute the line integral of F along the trajectory. If Z(t) is a parameterization
of that trajectory for a < ¢t < b, then what we want is simply fab F(Z(t)) - Z'(t) dt, so we just need
to parameterize the trajectory. It has to be done in two parts, and we will have to compute the
integral of each part separately, adding the results. The first part, running from (0, 0) to (1,1), can
be parameterized as follows:

2

@@:{zg}z{t},®mmmmgt§1

The second part, running from (1, 1) to (2,0), can be parameterized as follows:

@@%:[zg;]:{2it],dﬁmﬁﬁmlgtgz

These are not the only parameterizations— we made lots of choices here by choosing these param-
eterizations. This may worry you in the upcoming calculation— you might think that the answer
depends on our choices— but you will see later in this section that the answer is mostly independent
of our choices of parameterization! Now the first integral is of the function

Flao)-a'(o = | #0530 a2

from ¢ = 0 to ¢t = 1. This evaluates to (3t* + 2t3)|'=} = 5. The second integral is of the function

o= [ [ 4] [+ 4]

from ¢t = 1 to ¢t = 2. This evaluates to (t* + 4t)|/=% = 7 So we’ve got the line integral as the sum of
the line integrals over the two pieces:

/ﬁ-df:/ ﬁ-d:?+/ Fed?f=5+7=12.
() #(t) (1)

An Alternative Notation Sometimes a line integral will be presented in the format
[, oot ),
#(t

where Z(t) is some given path and f and g are some given scalar functions. How is this a line
integral? What is the vector field? The idea of this notation is that the d# from our original
notation f F « d7 is some kind of infinitesimal vector made out of the components dr and dy, and
that the “dot product” F + d7 has been written out as f(z,y)dx + g(x,y)dy. Thus the scalar
functions f and ¢ appearing in this notation are giving you the components of the vector field!?.

12 Actually it is due to the simplicity of cartesian coordinates that the dot product works out this way. In this
course I will only use this notation with cartesian coordinates.
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Example Where the Other Notation is Used. Suppose you are asked to compute the line
integral [(ydx+ (y—x)dy) along the straight line running from (0, 2) to (0, —2). What’s the vector
field here? The component functions of the vector field can be read off as the coefficients of dx and
dy in the integrand; the vector field is y 0, + (y — x) 9,. Now we can just parameterize the path and
proceed normally. One good parameterization would be Z(t) = (0, —2¢) defined for —1 < ¢ < 1.
The line integral is now

Y ! —2t 0 !
o dT = . dt = At dt = 22|1=4, = 0.
/f(t){y_x} /—1[_275_0} {_2} /—1 =

Another way to view this calculation is that, after choosing the path #(t) = (x(t),y(t)) = (0, —2t)
for —1 <t < 1, we can replace dx by ﬁ—fdt and dy by %dt to get a single integral:

1 dl’ dy 1 1
(ydz+(y—z)dy) = y(O) g + ) —a(t)) 7 ) dt = | —2(y(t) —a(t))dt = | 4tdt=0.
-1 -1 -1
Yet another way would be to use y itself as the parameter of the path, to note that x = 0 and
dx = 0 along the path (because the path always has dx = 0 and it is vertical, so any displacement
along the path has zero z-component), and to let the parameter y run its course from 2 to —2:

-2 |
/(ydx+(y—x)dy) —/ ydy = 51/2 =i =0.
2

The different viewpoints and notations take some getting used to, but just remember that every
time you see a line integral, there are somehow a vector field and a path involved and the integral
is of the scalar function F'(Z(t))+Z'(t) for some parameter t.

Parameterization Doesn’t Matter, Mostly. Suppose you have two parameterized paths Z(t)
and Z(t(s)) that represent the same curve C in R™. Here Z(t) is one parameterization and Z(t(s))
is a reparameterization, with ¢(s) being the function that expresses the parameter s in terms of the
parameter ¢. (Revisit section 1.2 or section 1.5.1 if you're rusty on this.) Suppose the curve has
endpoints such that the path Z(¢) should only be defined from t = a to ¢t = b.

e ,32{{3)

7 vl this curve ©
p
(e

Then in terms of the s parameter, we should allow Z(¢(s)) to run from s = ¢ to s = d, where ¢ and
d are such that (s = a) = c and t(s = b) = d (this can be arranged because a reparameterization
should be an invertible function). Given a vector field F'(Z), let’s describe the line integral [, F'+dZ

126



in terms of the parameterization Z(¢(s)) of C:

b T
- [ Faw)-

The last line was obtained by “u-substitution;” the last two lines are equal by the change-of-variables
rule of single variable calculus. The last line is just fm) F+dz, so we have shown that line integrals
only care about the curve C' and not the particular parameterization you use.

Well, almost. There’s one aspect of a parameterization that line integrals care about— the orientation
of a curve. This is the information depicted by the little arrow we draw on the curve. Basically,
it amounts to a specification of which is the starting endpoint and which is the ending endpoint of
the curve. Getting it backwards gets you a minus sign, since it would flip around all the velocities,
and since negating one vector in a dot product negates the dot product.

(You might be wondering: Where does orientation show up in the argument we made above? We
assumed in the argument that a < b. If the reparameterization were such that d < ¢, then it would

be flipping orientation. In the case d < ¢ we would actually write ff(t(s)) F«dZ as N F(Z(t(s))) «

(SZ(t(s))) ds, which is off by a minus sign from what we wanted.)

The key point here is this: Line integrals actually involve only a vector field and an oriented curve.
A particular parameterization for the curve can be chosen to compute a line integral, but it doesn’t

matter which one you choose as long as it travels along the curve from the starting point to the
ending point.

Definition of Line Integral

The line integral of a vector field F (%) along an oriented curve C'is denote by

/ﬁ.d:z’

C
b, dF

| Faw)- G

for any parameterization Z(t) of C' that that traverses C' from start to end when ¢ goes from
a to b.

and it can be computed as

dt

The Fundamental Theorem of Calculus Recall the fundamental theorem from single variable

. . . . . d .
calculus: it says that, for a function f(z), the integral of the derivative d—]; from a to b is f(b) —

f(a). For a function f(xy,...,x,), the derivative of f is its gradient v f. In vector calculus, the
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fundamental theorem of calculus also tells you about the integral of a derivative, but the correct
kind of integral to use is a line integral. It goes like this:

Fundamental Theorem of Calculus

Given a scalar function f(z1,...,x,) on R" and a curve C starting at Z; and ending at 7,
the line integral of V f along C' is the net change in f from % to Z;:

/C Vf-dit = £(7) — f(E)

This follows from the fact that for any little segment AX of the curve, v f+ AZ is the change Af
in f across the segment, and so the integral adds up all the little changes Af to result in a net
change f(#1) — f(Zo). You can also get this result right out of the chain rule and the single-variable
fundamental theorem of calculus. If Z(t) is a parameterization of C' with a <t < b, then

Y AU bg ) .
/f(t) Vf-d:c:/a Vf(E(t)) - dtdt:/a 3 [@E®)dt = f(#(0)) ~ [(#(a)).

Conservative Vector Fields A vector field is called conservative when all line integrals of the
vector field depend on only on the endpoints of curves. That is, the vector field F(¥) is conservative

if, given any two points 7y and ¥y, any line integral fj F+d# which has Z(t) running from o to

(t)
has the same value. (The terminology “conservative” comes from physics, where it refers to force

fields for which energy is conserved.)

4]

A | | - A O !.__-:: - P -:_5 | L)
s .--'-.'T = J’_}l'f-l.."'- ".: DAA ¥
r [ (T 7%
p LQ_;” NS7

Xy | L_ :
Lhe Lire rﬂ‘[ﬁjﬂvg ai{t:wc? anyg of f'JILE‘df F"M'F’ik

3 .
',t:::r the Hamd flf ~ s Conservative,

There is an alternative equivalent way to describe the condition of conservativeness: Any line
integral along a loop (a path that starts and ends in the same place) is zero.

The fundamental theorem of calculus offers us the best examples of conservative vector fields: any
gradient vector field is conservative. Since fc V f+dZ is just the net change of f along the endpoints

of C, it is independent of which curve C' is chosen to connect the endpoints. Hence v f is always
conservative.

When a vector field is conservative people will sometimes just write the endpoints of a curve for a
line integral, and leave it to you to choose a path that joins those endpoints. So for example you
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might see the notation

T .
/ Fedz
Zo

for a line integral of F along any path joining &y to ;. This notation only makes sense if F is
conservative; otherwise it should not be used.

Conservative Vector Fields

A vector field F (Z) is called conservative when all line integrals of the vector field depend on
only on the endpoints of curves. An equivalent condition is for all line integrals along loops
to vanish. By the fundamental theorem of calculus, the gradient of a scalar function is always
a conservative vector field.

Example of Conservativeness. Let’s revisit the vector field (6x + 2y)0, + (22)0, from the first
example in this section. This time let Z(t) be a straight-line trajectory from (0,0) to (2,0). The
path can be parameterized as (t,0) for 0 <t < 2. The line integral is then

2 2
Fedz = 6642000 11 Ul gy = [ 6tar = 3222 = 12,
2t 0 t=0
Z(¢) 0 0

We got 12 for the line integral, which is the same answer we got in the first example of this section
when we were considering the same vector field but a different path from (0,0) to (2,0).

ﬁﬁ:+1~a_

?1\’, t:r-r:'“*— F/?!fjfﬂ/f JZ [ QAo :[ a.f{nqa_
Hr-?_ blue (xs.i h ﬁk\cﬂ H«Q qresn Pd'if'lh
is the gane (bothane 12)

(z, 0%

Does that mean (6x+2y)0,+(2x)0, is conservative? Not necessarily. To check if (6z+2y)0,+(2x)0,
is conservative, we would have to check all possible paths joining (0,0) to (2,0), and then that still
wouldn’t be enough because we would have to do this for all possible pairs of endpoints. In this
case, however, there is an easier way for me to convince you that (6x + 2y)0, + (2x)0, is in fact
conservative. Let f(z,y) = 322+ 2xy, and notice that (62 +2y)d, + (22)9, is Vf. The fundamental
theorem of calculus now guarantees that(6z + 2y)0, + (22)0, is conservative. In particular, the
fundamental theorem of calculus tells us that the line integral of (6z + 2y)0, + (22)0, along any
path that runs from (0,0) to (2,0) is simply

£(2,0) = f(0,0) =12 — 0 = 12.

Example of NonConservativeness. Let’s revisit the vector field yd, + (y — x) 9, from the
second example we considered in this section. Recall that we had computed the line integral of
y 0y + (y — x) 0, along the straight-line path from (0,2) to (0, —2), and we got 0 for that. Let’s
compute the line integral from (0,2) to (0,—2) along a different path, this time a circular arc as
shown below.
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If we just started with the setup
/(y dz + (y — x)dy)

then it is natural to start by trying to use x or y as a parameter. Let’s say you wanted to use y as
a parameter. Then you would note that, along the curve, x = /4 — 32, and so also dr = ——L=dy.

Then you get the single variable integral

/(yd93+(y—m)dy) =/2_ (y\/;—?jiy?dw(y— \/4—y2)dy>

with respect to y. But this integral is too hard, mainly because choosing y as a parameter just
isn’t a good way to parameterize a circular arc! A better approach would be to parameterize it as
(2cos(t), —2sin(t)) for —n/2 <t < w/2. Then the line integral is

/(y dr + (y — 2)dy) = /://22 { —2 Si;(?)Sif(gt)cos(t) } ) { :SEE;((?) } dat

/M2 (4sin®(t) + 4sin(t) cos(t) + 4 cos?(t))dt

—7/2
/2
= 4/ (1 + sin(t) cos(t))dt
—7/2
/2 /2
= 4/ dt + 4/ sin(t) cos(t)dt
—7/2 —7/2
= 47 + 2sin*() zi/f/? = 4.

This shows that y 0, + (y — ) J, is not a conservative vector field!

‘ ¥
Tle ine inksod § [ 45 | adon,
Flo bl path s 41, while

Ele [mﬂr.«kjm.‘f a.funj 1{)[\( 4 reein
[}41‘.1"{’\ A C),

In particular, this shows that y 0, + (y — x) 9, could not possibly be the gradient of a scalar function
f(z,y). (If it were the gradient of f(z,y), then both of the line integrals we just looked at would
be the same, because they would both be f(0,2) — f(0,—2).)
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Recovering f from Vf. Two examples ago, I told you to notice that (6x 4+ 2y)0, + (22)0, is
the gradient of the function 322 + 22y, as a way to convince you that (6x + 2y)9, + (22)9, is a
conservative vector field. How did I find the function 322 4+ 22y? In other words, if I have a vector
field F and I know it is V f for some f, how can I find the f? The key is to use the fundamental
theorem of calculus— integrate to undo the derivative (or more accurately “line-integrate to undo
the gradient”).

If F = Vf then we know that F is conservative and f;il Fedi = () — f(&). So just fix a point
Zp and compute the following line integral for arbitrary :

[ Fear= 1@ - 1)

0
You end up recovering f(Z) up to a possible shift by a constant f(#y). It makes sense that this is
the best we can do, since V will not notice shifting f by a constant. You have to make a choice of
starting point Ty to compute all these line integrals, and different choices just amount to different
constant shifts of the function you get.

As an example, let’s use this technique on the vector field (6 + 2y)0, + (2x)0,. I'll pick the origin
(0,0) as our starting point. Now we’d like to compute

(2,9)
/ ((6z + 2y)dzx + (22)dy)
(0,0)

for arbitrary (z,y). To compute this we need to choose a path from (0,0) to (z,y). You can choose

any path (because Fis conservative), but one of the most straight-forward ones to use is a path
that first travels from (0,0) to (z,0), then travels from (z,0) to (Z, 7).

I could call the first part “(¢,0) for 0 < ¢ < z” and the second part “(z,t) for 0 < ¢t < g,” but
the notationally simpler approach is to just name the parameter = for the first part and y for the
second part. We get:

(7.9) 7 7 ] ]
/ ((6z + 2y)dx + (27)dy) = / (62 +2(0))dz + / 2zdy = 32°|5 + 27y|) = 37% + 277.
(0,0) 0 0

And thus we have arrived at a function 322 + 2zy whose gradient is ((6z + 2y)dx + (2x)dy).

Just to emphasize that you that you could really have used any path to get this answer, let me use
a straight line path directly from (0,0) to (z, 7).
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Such a path can be parameterized as (tz,ty) with 0 <t < 1. We get

@) LT 6tz + 2ty T
6a:+2ydw+2xdy:/{ _ ]-{}dt
[, (G2 sy = [ S

1
= / 6tz + AtTydt
0

= (3%z° + 2t*7Y)|;
= 372 + 277.

4.3 Green’s Theorem

We will look at a new analogue of the fundamental of theorem of calculus, a theorem that ends up
linking two types of integrals we’ve learned about: area integrals (section 4.1) and line integrals
(section 4.2).

Consider a region R in R? like the one depicted below.

The boundary of the region is a curve in the plane which we will refer to as “OR.” We assume
certain things about the region:

e We assume that JR is a simple curve. (A simple curve is one that does not cross itself. So
for example OR could not be a figure 8 curve.)

e We assume that OR can be cut in two places so that each of the two pieces has the description
(x,y(x)) for some function y(x).

e We assume that OR can be cut in two places so that each of the two pieces has the description

(x(y),y) for some function z(y).

Here is a depiction of the last two assumptions, with some names for the functions that describe
OR:

o ... -5 [
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Now suppose we have a vector field F(z,y) = P(z,y)d, + Q(, y)0,. We will show that the area
integral of %—1; over the region R is equal to the line integral of the vector field P(x,y)d, along OR.

I will use the notation P, for the partial derivative %—P to make the calculation more clear. To make
use of the fundamental theorem of calculus, we should do the area integral by doing a y integral
followed by and z integral:

/ (x,y)dA = // P,(x,y)dydx

- / (P, 1o(2)) — Pl 11 () da.

a

I claimed that this is the line integral of P0d,, but how is this so? Think about how you would
compute the line integral of P(x,y)d, along OR. First of all, OR needs an orientation— let’s go
with counterclockwise. Next, we need to parameterize it. We have the parameterization (x,y;(z))
for the bottom part, where x is the parameter running from a to b. We have the parameterization
(x,y2(x)) for the top part, where z is again the parameter but this time running from b to a. Thus

/ (PO,) - dif — / (PO,) - di + / (PO,) - di
OR bottom part top part

b a
Pz, y1(2))0y + (0z + ¥ (2)0,) do + /b Pz, y2(x)) 05 + (00 + 15(2)0y) da

/

/beyl Yz + /baP(x,yg(x))dx
/ .
[

S

(z,y1(x)) — P(z,y2(x))) dz.

Thus we see that

/R Py(a,y) dA = — /d (P, ds.

assuming OR is orlented counterclockwise We will now carry out a similar computation to show
that the area integral of © over the region R is equal to the line integral of the vector field Q(x, Y)0y

along OR:
/QxxydA // Q(x,y) dz dy

- / (Qas(y). ) — Qa1 (). ) dy.

C

Now we examine the counterclockwise line integral of Q(z,y)d, along OR. We have the parame-
terization (z1(y),y) for the left part, where y is the parameter running from d to ¢. We have the
parameterization (x2(y),y) for the right part, where y is again the parameter but this time running
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from ¢ to d. Thus

/6 (Q0,)-d7 /1 COREE / (Q0,) - d7

right part

= [ Q00 @@+ 0)dy + [ Qaalw)d, - (2400, +,) d
:/CQ(xl(y),y)dy + / Q(z2(y), y) dy

d ) ©
I / Qa(y), y) dy

d

- / (Qa(y),y) — Qlar(y)y) dy.

Cc

Thus we see that

[ @enar= [ @o)-az

assuming OR is oriented counterclockwise. The line integral of the vector field F = Po, + Q0, is
the sum of the two line integrals we just worked with:

/aRﬁ°df: /BR(P@C) - d7 + /8R<Qay) . di

Replacing the line integrals of PO, and ()0, by the area integrals to which we just equated them,
we have

/BRﬁ.df:_/};Py(x’y>dA+/RQx(x’y)dA:/R(Qx_Py)dA'

This is known as Green’s Theorem.

Green’s Theorem

Given a vector field F = P(z,y)0, + Q(z,y)9, on R? and given a region R with a simple
counterclockwise-oriented boundary 0R,

- oQ oP
F-dfz/(———) dA.
/8R R oz dy

For the sake of our calculation, we assumed that OR can be cut into pieces that have descriptions
like (x,y(x)) or (x(y),y). Even without this assumption, Green’s theorem still holds (but it is
harder to prove).

Any time you want to calculate a line integral of a vector field in R?, Green’s theorem gives you
the option to instead calculate the area integral of a certain scalar function. In practice you should
choose whichever method leads to an easier calculation.

Example. Consider the vector field F = 58, + (y — x) 0y, and consider the curve which is the
boundary of the right half of a disk of radius 2 at the origin, with counterclockwise orientation.
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Let R denote the right half of the disk, so that the curve can be called OR. To see Green’s theorem
in action, we should consider the line integral of F' = y 0, + (y — x) 9, along OR. We pretty much
computed the pieces in the examples of section 4.1— here is a summary of the overall calculation:

/ ﬁ-df:/ ﬁ-d:z-‘+/ F.d7
OR arc straight line

- /W/2 F(2cos(t), 2sin(t)) - { _220235’;) } dt + /2_2 F(0,y)dy

—7/2
= (—47)+0
= —4m.
Now Green’s theorem tells us this is supposed to be the same thing as the area integral of the
function g_cj - %—I;, where P(z,y) =y and Q(z,y) = y — x. We have
0 P
0@ _oF 1 _4_ o
Jor Oy

So Green’s theorem says that we could have obtained that answer —47 by simply integrating the
function —2 over R. Indeed we have

/R(—Q)dA:—Q/RldA

= —2(area of R)
1
= —2§(area of disk of radius 2)

= —A4r.
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A Appendix

I will put things here that are useful but do not fit into the main flow of the lectures.

A.1 Parameterized Lines

If you want a path in R™ that starts'® at the point #, and travels at a constant velocity ¥, then it’s
this:

p(t) = Zo + t.
To verify that this is correct, just look at the starting place and compute the derivative. We have
p(0) = 7, so the starting point checks out. As for the derivative, we have

P() = Jim G+ AD) — ()

N P LS
= AI}:I—IQO E<x0 + (t + At)U — &y — t0)

I
A 27407
= lim o
At—0

= ’U7
so the velocity checks out as well: p’(t) = ¢ for all ¢.
If you want a linear path that goes through two specified points, then you can just use one of the
points as the starting point and use their difference vector as the velocity. So for example if you

want a linear path going through #; and 75, then you can just write down the parameterized line
that starts at 7 and has velocity vector 7y — 7:

p(t) = &1 + t(T2 — 7).

Of course, the answer here is not unique since we are just asking for a path that goes through 7
and 7 and we are not specifying when (for what t) it reaches those points or how fast it needs to
travel.

Finally, here is a nifty way to quickly write down a linear path that passes through the point ¥ at
t = 0 and passes through 7, at t = 1:

plt) = (1 — )7 + t2s.
See that it works by evaluating at t = 0 and ¢t = 1.

A.2 Norm and Dot Product (Lengths and Angles)

Recall from section 1.4 that we have two uses of the word “vector” in this course: (1) There’s the
abstract notion of vector, where we have one unspecified vector space in mind, usually R”. When

13The starting point of a path p(t) is the point p(0).
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treating elements of R™ (i.e. lists of n real numbers) as vectors, we think of them not as points but
as steps emanating from the origin. (2) Then there’s the notion of vector that is specific to vector
calculus, for which we have been using the term “vector-at-a-point.” These can also be represented
by lists of real numbers (elements of R™), but we think of them as being located at a particular
point in space (where “space” is often also R™ but could be one of the more exotic things appearing
in section 2.2). We found in section 2.1.4 that representing vectors-at-a-point by using lists of real
numbers is pretty confusing when different coordinate systems get involved, so we adopted the
superior “d,” notation for coordinate basis vectors. Now we express vectors-at-a-point as linear
combinations of coordinate basis vectors.

This appendix section is about lengths of vectors and angles between vectors. It will be presented
in terms of the abstract version of vectors, viewpoint (1) in the paragraph above. Then when we
return to the main text we will look at what these ideas mean for vector calculus, viewpoint (2) in
the paragraph above.

A.2.1 The Dot Product

The dot product is an operation that takes two vectors and produces a scalar. In other words it
takes two lists of numbers and combines them to somehow give you just one number. The definition
is very simple:

Definition of Dot Product

Given two elements ¥ = (z1,z9,...,2,) and ¥ = (y1, Y2, .- .,Yn) of R their dot product is
denoted by &« ¢ and it is defined to be the scalar

Ty =21 + ToY2 + -+ + TpYn.

The first thing to notice is what happens when you dot a vector with itself. If ¥ = (1,29, ...,2,),
then

FeF=at +a5+-+a

It gives the sum of the squares of the components. That should be a familiar looking construction;
maybe it will look more familiar in two or three dimensions:

. . x x
{ }{ }:xZ—kyQ y ||y |=a2+y2+22
Y Y 5 5

By the pythagorean theorem (or the “distance formula”), dotting a vector with itself gives us the
square of its distance from the origin! Since we are thinking of a vector as an arrow emanating from
the origin, I should really say this is giving us the squared length of the arrow.

137



>\

I,- a'll /\:': ,J'i:.":.:n_.. i Lt
L;."e.':,l iL rlfrJ {}r«,,q
ll;' { l:’ i rx___" 5

e ?J"“{J 2 5

We will use this observation to formally define the length of a vector in R™, which often goes by
other names such as norm or magnitude. I tend to like using norm.

The norm (or length or magnitude) of a vector ' in R™ is denoted by ||Z]| and it is defined to

be
|1Z]| = V& -z

Note that the square root never gives any trouble because 7'« ¥, being a sum of squares, can never
be negative.

This notation gives us a convenient way to talk about the distance between two points in R". Recall
from section 1.4 that the vector difference 7 — & between two points ¥ and 7 gives a meaningful
vector which is the displacement vector from & to . The norm || — Z|| of that displacement vector
is then the distance from ' to 3.
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A.2.2 Algebra of Dot Products

There’s a good reason for the dot product symbol to look like a fat multiplication symbol. Dot prod-
ucts interact with vector addition in such a way that they follow the same rules that multiplication
of scalars follows in its interaction with addition of scalars.

Te (U4 W) =20+ &l
By the way, dot product takes the same precedence as multiplication in the order of operations, so
the expression on the right hand side above is equivalent to (7 ¥) + (Z« ). There is no ambiguity
when you string together fat dots and little dots: if « is a scalar then both interpretations of « - v'«w
are equal:
a- (Vew) = (a- 7).

Little dots (scaling or multiplication) can be omitted from notation, so we could write av « @ for
the above. But you should never omit a fat dot.

Dot products also share with multiplication the property of commutativity:
T 27 = 37 . T.

Be careful not to just assume this for every new operation you learn about. Later we will introduce
another operation on vectors that fails to be commutative.

The algebraic rules given here are all ones you can prove to yourself in a few steps by just using the
definition of the dot product. You might want to go back and think about why each rule works.

Here is some advice. When you work with expressions involving vectors and scalars, it will be very
helpful to keep track of the types of things. When you spot a new expression like

—

U T+y

(@) == — W ==z
[ + | we T+ 2y (7] 7 + @)

go through a type check before you even try to understand it geometrically. Which subexpressions
are vectors and which are scalars? Which of the operations involved are vector addition and which
are just scalar addition? Where are the dot products and where are the scalings? Try doing this
for the expression above.

Since we defined norms in terms of dot products, norms get a lot of nice properties that you can
check on the fly when you need them. For example, scaling a vector scales its norm:

laz] = V/(az) + (a) = /o2 (7 7) = [a|VZ+ 7 = |o] |7].

A.2.3 Angles

By using the pythagorean theorem, we managed to make geometric sense of ¥+ Z. What about a
dot product of two different vectors like Z'« 3?7 To get at &'« geometrically we will need a souped
up version of the pythagorean theorem, known as the law of cosines:
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{_ it ofF Cosines :
c? = a®+b*~ 2ab cos e

You may have seen this before in high school geometry. See how it reduces to the pythagorean
theorem when 6 is a right angle? Pretty soon you can forget about this law, because we will replace
it with something much prettier involving dot products. We will apply the law of cosines to relate
the angle # between two vectors & and ¢ to their dot product. The angle 0 sits in a triangle whose
sides are the vectors ¥, ¥/, and 3y — Z. This would be a triangle whose sides have lengths given by
7], 1] and 7 — 2.

G-

3

The law of cosines says that
= =12 =112 —12 — —)
17 = 27 = 121" + 1917 — 2 2] 9] cos(6)-
Writing out some of the norms in terms of dot products, this is saying that
—=2) - (§—2) =TT+ 77— 2|7 ] cos(6).

Do some algebra on the left hand side, using distributivity to expand things out and commutativity
to combine ¥+ 3 and '« T:

Gey = 20§+ 7T =0T+ §— 27 [7] cos(0).
Cancelling the repeated terms on both sides and then dividing by —2 gives
T g = ||Z]| 7] cos(6).

This is how we can geometrically understand how dot products work! The dot product of two
vectors gives the cosine of the angle between them, scaled up by the lengths of both of the vectors.

Dot Products in Terms of Angles

The dot product of two vectors & and ¥ is related to the angle between them as follows:

—

Ty = ||Z| |y cos(the angle between & and %)

140



Here is a way to interpret this result. Assume that you've got two vectors Z and 7 and that their
length is fixed, but you get to swing them around and change their direction to whatever you want.
Then in the product ||Z]||y]| cos(#), only the cos(f) part changes while the ||Z]|||y]| part stays the
same. Also, the ||Z]|||7]| part is non-negative, so the sign of ¥+ ¥ is the same as the sign of cos(6).
Now as you swing around & and ¢, how does 7+ ¢ respond? Since cos(f) is biggest when 6 = 0, the
dot product ¥« is the biggest (and is positive) when you line up the vectors & and ¢ so that the
angle between them is 0. If you deviate from perfectly lining up & and ¥/, the dot product responds
by decreasing. So you can think of #'« % as a measure of the extent to which ¥ and ¢ point in the
same direction. Think about how the cos() part of @+ ¢ = |Z| ||7] cos() leads to the following
situations:
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The middle situation, with Z+¢ = 0, has some special terminology'.

Definition of Orthogonality

Two vectors & and ¥ are said to be orthogonal if Z«3 = 0.

The dot product is such an easy thing to compute. You just multiply components and then add.
And dimensionality doesn’t add any computational difficulty; even dot products of vectors in R?3%®
can be obtained by just multiplying and adding. Yet the dot product gives us a simple way to talk
about things that may have previously seemed quite complicated. Angles are now a piece of cake.

4We already have the word “perpendicular” to describe when two vectors make a right angle with one another.
The point of having this new terminology “orthogonal” is to focus on dot products rather than angles. There is one
situation where the terms differ: the zero vector. One would never use the term “perpendicular” on the zero vector
because the zero vector has no direction. But we do still say that that zero vector is orthogonal to every other vector,
simply because the dot product says so: 0«7 = 0 for all Z.
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And now we also have a way of talking about the set of points on the “same side” or “opposite
side” to a given vector, with the orthogonal vectors lining the barrier in between.
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The pictures are two dimensional but the ideas work in R? and in R" for any n!
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A.2.4 Unit Vectors and Normalization

A wunit vector is a vector & for which ||Z]| = 1. Sometimes it’s useful to use a unit vector to describe
a direction, if you want your description of the direction to not also contain a choice of length.
For example (1,0,0) and (2,0,0) are both good descriptions of the “positive x direction in x-y-z-
space,” but somehow (1,0,0) is a purer way to capture that concept because it doesn’t have the
extra baggage of having length 2. Similarly (1, 1,0) and (\/LE’ \%, 0) both describe the same direction
in R?, but (\/Li, \%, 0) is nicer in that it doesn’t have the extra baggage of having length /2.

Suppose you have a vector ¥ in R” that describes a direction in which you are interested, but ||Z||
is not 1. There is a very easy way to get a vector that points in the same direction but has norm 1:
just scale by ﬁ! The process is called normalization, and the result ﬁf is called the normalization
of . To check that it works, just use the fact that scalars pop out of the norm operation:

1 1 ..
|7l = e =1
R

What if you want a vector that points in the same direction as & but that has length 57.237 Just

normalize, and then scale by the length you want it to have: %f

A.2.5 Projection: The Component of One Vector Along Another

Let’s revisit 7« ¢ = ||Z| ||| cos(#), but this time focus on a different portion of it than just cos(0).
This time I want to focus on the ||Z| cos(f) portion. Here is a picture in which this portion appears
as the length of a certain segment:

X

W

The scalar ||Z]| cos(f) is the length of what you could call “the component of ¥ along the direction
of 3.7 Think of it this way: you can split Z into a sum of two parts, the part Ziong 5 along y and
the part Z(, 1, 5 orthogonal to ¥
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We saw in the picture above that ||Z(aiong 7|| = || cos . To someone who is not familiar with the
magic of dot products, this is an annoying thing to compute since it involves trignometry. But we
have a better way, because we can replace |Z| cos@ by an expression involving the dot product.
Just solve for ||Z| cos @ in &« = ||Z]| ||7]| cos(f):

T-j
Iyl

| Z atong 59| = 7] cos 6 =

Now that we have the norm of T (aiong ), We can almost write down a formula for it. We just need to
know its direction, but that’s obvious— it should be along the direction of 41 We saw in section A.2.4
how to describe a vector pointing in the direction of 3 with any desired norm: we just normalize
and then scale by the norm we want. Thus

l

<y

T@ongy) = T 1Y = 17529 = =
@ons D = g~ gy g

y.

<y

If you want a formula for Z(, ¢, 5 as well, then you can just solve for it in the decomposition
T = Z(along 7) + T(Lto7)

<y

f.

T(Ltog) =T — L(alongy) — T — Y.

<y
<y

<y

Exercise: Prove that ¥ — =% ¢/ really is orthogonal to .

<y
<

These formulas give us some more insight into what dot products are doing. If ¢ is a unit vector,
then '« ¢ is equal to % = | Z] cos(f) = ||Z(atong »||- So dotting & with a unit vector  gives the
length of the component of ¥ along the direction of ¢, or as I sometimes like to read it “the y-ness
of £.” If ¥/ is not a unit vector, then dotting ¥ with it gives you the same thing except it is also

scaled by [|7].

A.3 Equations of Planes

How would you specify a plane in R3®? That is, if you have a certain plane in R? in mind then how
can you communicate to me which plane you are thinking of? One way is for you to give me three
points on the plane. That works, but its not as nice as the following way: Give just one point on
the plane, and give a vector orthogonal to the plane. Specifying a vector orthogonal to the plane
is a way of giving the plane’s orientation in space. If you only give a plane’s orientation, then that
still does not pin down where it is (you can imagine translating a plane around in R? while fixing
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its orientation). If you additionally gave just one point on the plane, then that completely pins
down where it is.

Ur%o&)mﬁ bo He plare

—r 2o in the dane.

Specifying a Plane in R3

A plane in R? can be specified by giving a point Z, on it and a vector 7 orthogonal to it. The
vector 7 is called a normal vector for the plane.

Normal, like orthogonal, is just another word for perpendicular.

This way of specifying planes, by a point and a normal vector, makes it very easy to write down an
equation for the plane. Suppose you have a plane with a normal vector 77 and you know that the
point ¥ is on the plane. Given a point ¥ in R3, what equation does ¥ have to satisfy to be on the
plane? Draw the normal vector with its tail end at 7y and consider what must be true of random
points & on the plane:

The displacement vector ¥ — &y must always be perpendicular to 7. For Z to be on the plane, the
exact condition that needs to satisfied is 77« (¥ — #y) = 0. And that’s it for the equation of a plane!
Note that even though vectors are involved, it is still just one scalar equation.

Other ways of writing the equation can be derived. If @7 = (a,b,c) and Zy = (z0, Yo, 20), then the
points (x,y, z) on the plane are ones satisfying

a(x — xo) +b(y — yo) + c(z — 29) = 0.
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This could be rearranged to
axr + by + cz — axg — byg — czp = 0,

or just
ar +by+cz+d=0,

if we define d to be the constant —axy—byo—czy. Anytime you see an equation like az+by+cz+d = 0,
that is the equation of a plane (well, as long as a,b, ¢ are not all zero). (This should remind you
of how ax + by + ¢ = 0 is a way of specifying a line in the plane.) If a plane is given to you by an
equation of the form ax + by + cz + d = 0, then you can easily see the entries of a normal vector for
the plane: they are just the coefficients a, b, ¢ in front of z, y, and z.

Example The plane in R? going through the point (1,2, 4) with a normal vector of (3, —5,2) is
the set of points (z,y, z) satisfying the equation

3 z—1
S5 ||l y—21]=0,
2 z—4

which could also be written as
3x—1)—5(y—2)+2(z—4) =0.

This could be rearranged to 3z —5y+2z—1 = 0 or 3z —5y+2z = 1. If the equation 3v —5y+2z =1
were given to us from the start, then we can know right away that it’s a plane and we can know

its orientation: it has a normal vector of (3,—5,2) because the coefficients in front of z,y, z are
3,—5,2.

Note that normal vectors for planes are only determined up to a scaling. The purpose of a normal
vector is only to specify a direction. If we replace the normal vector (3,—5,2) by its double
(6,—10,4) then we end up with the equation

6(r—1)—10(y —2)+4(2 —4) =0.

(which is also 6z — 10y + 4z = 2), which describes exactly the same set of points.

Equations of Planes in R3

The plane in R? that passes through #, and has 7 as a normal vector is the set of points &
satisfying 7« (Z — Zy) = 0. This can be rewritten in the form ax + by + cz + d = 0 for some
constants a,b,c,d. Any such equation is the equation of a plane, and (a,b,c) is a normal
vector for the plane.

A.4 Cross Products

Here we introduce a new binary operation on vectors, the cross product, which, unlike the dot
product, yields a vector rather than a scalar. Also unlike the dot product, the cross product is very
specific to R3.
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The cross product of two vectors Zy = (x1,y1, 21) and Ty = (22, Y2, 22) is denoted by Z x 7 and it is
the vector

Y122 — Y221

Ty X Ty = | —(r129 — 2227)

T1Y2 — T2Y1
The main reason for introducing this thing is that its norm and its direction are both pretty useful.
The cross product T x g is a vector orthogonal to both ¥ and ¢, so taking a cross product is a
convenient way to get a vector orthogonal to two other vectors. The norm |Z X ¢] measures the
area of the parallelogram with sides 7 and ¥, a fact that will later be handy for writing certain
kinds of integrals. More specifically, the norm of a cross product is

|Z x g| = |Z| |7] sin(the angle between Z and ¥).

The appearance of the sine of the angle between the vectors (as opposed to cosine, which appeared
in dot products) has the following implication: A cross product between two vectors vanishes when
the vectors are parallel, and its norm is maximized when the vectors are perpendicular.

Now you’ve almost got a complete geometric characterization of the cross product. You know that
T1 X Ty points in a direction orthogonal to both Z; and 5. This leaves a line of possible vectors
that it could be, the line of vectors in R? that are orthogonal to both #; and #. You also know
that the length of Z1 X Z is ||| |Z2] sin(€), where 0 is the angle between #; and Z5. But this still
leaves two possibilities for what 77 x 5 could be.
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Here we just have to go ahead and pick a convention, and stick to that convention throughout the
course. The convention we choose here is the right hand rule (the other convention is the left hand
rule). Here’s how it goes: To know which of the two possible vectors is 71 X 5, start by pointing
the fingers of your right hand in the direction of #, the first vector in the product 7; X Z>.
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Then curl your fingers so that they point in the direction of 5, the second vector in the product
fl X fg.
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The right hand rule (and the left hand rule, if we had gone with that) has the following important
implication:

fl X fg = —fg X fl.
The vector cross product is a noncommutative operation. The order in which you cross vectors
together matters!

Other than this weirdness, cross products behave like a multiplication when it interacts with vector
addition,

.’El X(fQ—ng):fl Xii"Q—i—lefg,

or vector scaling,

Example If vectors are given explicitly in terms of their components, then computing the cross
product is just a matter of applying the formula. So for example the cross product between (2,3, 0)
and (1,1,1) is

2 1 3(1) — 0(1) 3
3 x| 1]=]-cu-o0q)|=]|-2
0 1 2(1) — 3(1) ~1

This is giving us a vector orthogonal to both (2,3,0) and (1,1,1), as you could check for yourself
by taking dot products.
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And the norm |(3, =2, —1)| = /14 is telling us the area of the parallelogram that has (2, 3,0) and
(1,1,1) as sides.

Right handed coordinate system Let’s use d,,d,, 0, for the standard basis vectors in R?. Use
the right hand rule to convince yourself that 9, x 9, = 0, and 9, x J, = —9,. You should have no
trouble doing this if you are imagining the coordinate axes like this:

[ =

S

e

But try computing the same thing with the coordinate axes drawn like this:

=

I

Es

You end up getting 0, x 9, = —0, and 0, x 0, = 0,! The right hand rule is actually giving you the
wrong answer here. The formula for the cross product makes it very clear that

1 0 0 1 0 0
OpXx0y= 10| x|[1]=]0]|=0, Opx0, =0 | x|[0]|=|—-1]=-=0,
0 0 1 0 1 0
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The problem is that the second way of drawing coordinate axes is “left-handed.” A cartesian
coordinate system is called “right-handed” if J, x 0, = 0,. As long as your coordinate axes are
“right-handed,” the right hand rule will always correctly tell you the direction of a cross product.

Cross Products Summary

The cross product 77 X &5 is

Y122 — Y221
T1 X Ty = —(.leg — $221>
T1Y2 — T2Y1

The order matters— switching the order and writing s x &, instead would produce a minus
sign. The norm of a cross product is the product of the norms of the vectors times the sine of
the angle between them. The direction of a cross product is normal to the plane containing
the two vectors, and in the direction suggested by the right hand rule.
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